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Preface

The present introductory course is based on a set of lectures I had the plea-
sure to give at the University of Architecture, Civil Engineering and Geodesy
(Sofia, Bulgaria) but may be used also by students in physics, chemistry and
various engineering disciplines. It may be used as a supplementary tool for
students in pure mathematics as well, but one should note that the expo-
sition is rather intuitive in some parts, relying much more on extensive ex-
amples and geometric analogies, rather than mathematical rigor. However,
the main objects are carefully introduced and the most important results -
given with constructive proofs. In some parts of the content, however, the
reader is only being guided through in a semi-intuitive manner, the focus be-
ing much more on the applications, rather than the consistency of the theory.

The text is organized as follows: in the beginning we cover some basic college
level mathematics - combinatorics, the binomial formula and the induction
method, as well as complex numbers and polynomials. After that, we jump
to planimetry resorting on both the high school geometric intuition and
the standard constructions in C, such as vector summation, dot and wedge
products, and polar coordinates. Before we extend to the three-dimensional
case, we introduce the usual matrix algebra and apply it to systems of linear
equations (and matrix equations in general). Then, we consider the vector
algebra in R3 and some of the basic problems of stereometry. Next, we go
a little bit more abstract discussing properties of linear operators and in
particular, projections, reflections and Euclidean motions with their explicit
matrix constructions. Finally, we consider the eigenvalue problem and its
application on finding the normal forms of quadratic curves and surfaces,
as well as some basic properties and classification results for the classical
quardics and conics. Once we have crossed the boundaries of linearity, we
give in the temptation of discussing tangents of normals of curves and sur-
faces and their application in the problem of curved mirrors in geometric
optics. This concludes the standard course. My initial idea was to include
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4 CONTENTS

an additional chapter (appendix) dedicated to geometric algebras and their
applications in Euclidean geometry, but I managed to resist this temptation
only mentioning sporadically quaternions and dual numbers instead in the
comments and examples, where a little bit more advanced material somehow
“slipped through the cracks” here and there - hopefully in moderation.

Sofia,
18.05.2017



Chapter 1

Combinatorics and the
Induction Method

1.1 Combinations and the Binomial Formula

We start this algebra course with a brief revision of basic combinatorics. The
standard procedure we follow here is to consider a set of elements {bk} and a
set of spots {ck} (usually called cells) to place these elements. The simplest
possible situation is to have equal number of elements and cells, say n. The
combinatorial problem is then to determine the number of different ways to
place the elements into the cells, provided each cell ci contains one and only
one element bj , or equivalently, we are looking for the number of possible
one-to-one correspondences between the two finite sets. This problem may
be treated as follows: start filling the cells one by one, counting the number
of possible choices each time. For c1 we obviously have n possibilities, since
each of the bk’s can be placed there. After c1 is filled, we are left with n− 1
choices for c2, then for c3 we have n− 2 and so on, until we move to the last
cell cn, for which we have only one element left. Note that for each choice
of element for the cell c1 we have all the n − 1 possibilities for c2 and for
each of them - n− 2 to put in c3 and so on. Thus, for the total number of
possibilities we need to multiply

Pn = n(n− 1)(n− 2) . . . 3.2.1 (1.1)

and these different orderings are also referred to as permutations of n ele-
ments. The above operation is used quite often in different contexts and has
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6 CHAPTER 1. COMBINATORICS AND THE INDUCTION METHOD

one more definition - the factorial sequence (or function). We write

n! =
n∏
k=1

k (1.2)

and read “n factorial” for the product of all natural numbers from 1 to n.
There is another way to define the above sequence, which is based on the
idea of recursion. Roughly speaking, a recursive, or recurrent formula is
one, which defines the nth element of a sequence an via an−1 and possibly
some more terms with lower value of the index

an = f(an−1, an−2, . . . an−k) (1.3)

is a recursive formula with step k. In order to be able to determine that way
a sequence uniquely, however, one needs also the values of the first k terms.
This is called bottom of the recursion. In our example we may construct
the factorial sequence recursively as the unique function of a non-negative
integer variable that obeys the conditions

f(n) = nf(n− 1), f(0) = 1. (1.4)

Note that without the latter each sequence of the type an = an!, a ∈ R
would be a solution. Instead, we define 0! = 1 and the recurrent formula
n! = n(n− 1)! gives all successive terms in the sequence:

1! = 1.0! = 1, 2! = 2.1! = 2, 3! = 3.2! = 6, 4! = 4.3! = 24, . . .

In this way n! is defined as a map f : N → N (the zero being included).
We do not have (

√
2)! or π! for example - these expressions simply make no

sense. Although there exists a generalization of n! for non-integer arguments
(the so-called Euler gamma function), it demands some more advanced cal-
culus and we are not going to need it in this course.

Now, let us consider a slightly different situation, in which the number of
elements n exceeds the number of cells k, so there is scarcity of places for
the elements to be positioned (for example a parking lot with k spots and n
cars waiting to be parked with n > k). We may treat this situation in the
exact same way as before: for the first cell there are n possible candidates,
in each case leaving n− 1 for the second one and so on, until we reach the
last one, for which this time the number of possibilities are n− k + 1 since
we count backwards from n and have passed k − 1 steps. Then we end up
with

V k
n = n(n− 1)(n− 2) . . . (n− k + 1) =

n!

(n− k)!
(1.5)
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possible arrangements of n elements into k cells (n > k), called variations
of n elements of order k. Variations can be thought of as permutations
of various samples, i.e., different choices of the k elements extracted from
all n possibilities. Sometimes, however, we may ignore the order and focus
only on that particular choice, e.g. we are usually interested only in the
particular numbers that have won the lottery, without asking what order
they were chosen in. Then we identify all the k! permutations of a given
sample and obtain

Ckn =
V k
n

k!
=

n!

k!(n− k)!
=

(
n
k

)
(1.6)

called combinations of order k (of n elements). These numbers play im-
portant role not only in combinatorics - they appear in various branches of
mathematics. For example, they give the coefficients in the Newton binomial
formula

(a+ b)n =
n∑
k=0

(
n
k

)
akbn−k (1.7)

and for that reason combinations are also called binomial coefficients. Cer-
tainly, the origin of this formula is purely combinatorial - we may think of
(a+ b)n as a product of n pairs of brackets (a+ b)(a+ b) . . . (a+ b) and the
coefficient in front of akbn−k equals the number of possible ways to obtain
the term ak (b always has the complementary power) by taking a from k
of all the n pairs of brackets, so we may say an element (bracket) is in the
sample if we pick a from it, and is left out if we pick b. The binomial coef-
ficients Ckn can be also obtained recursively from a construction, known as
the Pascal triangle

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

in which the nth row gives the coefficients of (a+ b)n, starting with

(a+ b)0 = 1, (a+ b)1 = a+ b, (a+ b)2 = a2 + 2ab+ b2, . . .

etc., so the kth column gives the factor in front of akbn−k. There are two

obvious properties of Ckn =

(
n
k

)
form the Pascal triangle:
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1. Firstly, it is symmetric, i.e.,(
n
k

)
=

(
n

n− k

)
2. Secondly, each coefficient equals the sum of the two numbers placed

right above it1, i.e.,(
n
k

)
=

(
n− 1
k − 1

)
+

(
n− 1
k

)
These can both be proved by the definition - for the first one we have

n!

k!(n− k)!
=

n!

(n− k)! (n− (n− k))!

and in particular (
n
0

)
=

(
n
n

)
= 1.

Verify the second identity and define with its help Ckn in a recursive way!
Setting a = b = 1 and b = −a = 1 in (1.7), we may prove two more identities
for the binomial coefficients, namely

n∑
k=0

(
n
k

)
= 2n (1.8)

and respectively
n∑
k=0

(−1)k
(
n
k

)
= 0. (1.9)

There is one more kind of variations, called variations with repetitions, in
which we have n variants for each of the k cells, but identical elements can
appear in different cells - this gives a total number of

Ṽ k
n = kn (1.10)

variations with repetitions. With this new notation (1.8) can be written as

n∑
k=0

Ckn = Ṽ 2
n . (1.11)

1for the end terms one of these numbers is missing, so we set it to be equal to zero.
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We also note that (1.7) may be used as a discrete distribution (also called
binomial) for a probabilistic process with two possible outcomes (e.g. tossing
a coin) with a = p ∈ (0, 1) denoting the probability for one of the outcomes
(e.g. “heads”) in each individual repetition, and b = 1 − p the probability
for the other one (“tails”). Then, after n experiments (tosses) we have a
total of 2n possibilities, among which Ckn are expected to have a number of
k heads and a number of n− k tails, so the probability for such an event is
estimated to be p (k) = 2−nCkn. In the coin example we have p = 1/2 and
thus after 4 tosses the probability for 2 heads will be 2−4C2

4 = 3/8.

1.2 The Method of Full Induction

The method of full mathematical induction is a powerful means of proving
relations (such as equalities and inequalities) involving a natural parameter
n. The idea is to use recursion, starting with the lowest possible value of this
parameter (sometimes also called index ) and show that if the relation holds
for n, then it should hold also for the successive value of the index, n + 1.
Thus, the procedure consists of two steps: to show the relation f(n) ∼ g(n),
it is sufficient to prove

1. f(n0) ∼ g(n0), where n0 = minn (base of the induction)

2. f(n) ∼ g(n)⇒ f(n+ 1) ∼ g(n+ 1) (recursive step).

In other words, after ensuring the validity of the relation for the smallest
possible value n0, from the recursive step we conclude that the latter holds
also for n0+1, but then applying it once more - we obtain n0+2 and so on,
for all succeeding values of n. Let us consider a simple example: the sum all
integers from 1 to n, for which the property of arithmetic sequences yields

Sn =
n∑
k=1

k = 1 + 2 + . . .+ n =
n(n+ 1)

2
·

To prove this result using mathematical induction we first point out that
the above is obviously true for n = 1, so the initial part of the procedure
is complete. The second step is to prove that it the equality holds for n,
this implies an analogous relation for n+ 1. In order to see this, we use the
induction assumption and write

Sn+1 =

n+1∑
k=1

k =
n(n+ 1)

2
+ (n+ 1) =

(n+ 1)(n+ 2)

2
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which is exactly the above relation with the substitution n → n + 1, so
this completes the proof. Consider one more example, this time with an
inequality: (n

3

)n
< n! <

(n
2

)n
, n ≥ 6

To begin with, for n = 6 the inequalities 64 < 720 < 729 hold, so the base
of the induction is ensured. Now, for the second part of the prove one uses
transitivity to show(

n+ 1

2

)n+1

=
(n
2

)n
(n+ 1) > n!(n+ 1) = (n+ 1)!

where we have implemented Newton’s binomial formula to see that

(n+ 1)n = nn + nnn−1 + . . .+ 1 > 2nn.

We may prove both inequalities at once with the aid of the well-known result

2 <

(
1 +

1

n

)n
< 3

and in particular

lim
n→∞

(
1 +

1

n

)n
= e ≈ 2.718 (1.12)

yields the estimate (for large values of n)

n
√
n! −−−→

n≫1

n

e
(1.13)

that is usually derived as a consequence of the famous Stirling formula

n! −−−→
n≫1

√
2πn

(n
e

)n
·

Finally, let us also prove the Bernouli inequality

(1 + x)n ≥ 1 + nx, x > −1. (1.14)

Obviously, for n = 0 we have an equality, so let us proceed by writing

(1+x)n+1 = (1+x)n(1+x) ≥ (1+nx)(1+x) = 1+(n+1)x+nx2 ≥ 1+(n+1)x

where we use the induction assumption for the first inequality and the non-
negativity of the term nx2 for the second one, which completes the proof.
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Problem Session

1. If there are twelve noble knights and a round table with twelve chairs,
in how many different ways can these knights be seated on the chairs
(one in each chair), considering configurations up to a rotation?

2. What is the probability to win the lottery 5 of 35 and 6 of 49? What
is the probability for the latter to have won exactly three 4’s after six
tries?

3. How many tickets with holes minimum you need to carry with you
to make sure that you have the one that fits a randomly chosen bus
(tickets have between one and nine holes, in different configurations)?

4. What is the probability for a dice to show exactly three times 6 after
nine throws?

5. Prove the equalities

a)

n∑
k=1

k3 =
n2(n+ 1)2

4

b)

n∑
k=1

1

k(k + 1)
=

n

n+ 1

6. Prove the inequalities

a)
n∑
k=1

1

k2
< 2− 1

n

b)

n∑
k=1

1

k3
< 2− 1

n2

7. Prove that

a) n(n+ 1)(n+ 2)(n+ 3) is divisible by 24

b) n(n+ 1)(n+ 2)(n+ 3) . . . (n+ r–1) is divisible by r!
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Chapter 2

Complex Numbers

The demands of nowadays rapidly evolving technologies naturally put higher
and higher standards for even the most basic tools and materials in use.
The situation in mathematics is quite similar, the “tools and materials”
certainly being in this case associated with concepts and interconnections.
Moreover, we may add the natural desire for generalization that pushed
mathematicians and philosophers through the centuries to to explore farther
and deeper into the realms of abstract thinking. This may be observed
even in one of the most fundamental notions in mathematics: numbers,
starting with the most intuitive ones - the natural numbers N we use for
counting, to integers Z (so that we may introduce subtraction), then rational
numbers (in order to divide). Since the latter do not include quantities as√
2 and π that appear naturally in even the simplest geometric problems,

we need one more extension: the field of real numbers R defined as the
topological closure of Q, i.e., it contains the limits of all rational numerical
sequences, including algebraic numbers as

√
2 and transcendent ones such as

π. We are so happy with this object that we often accept it as the ultimate
set of numbers. Nevertheless, restricting ourselves to R we face another
inconvenience: negative discriminants. Consider for example the simple
quadratic equation x2 + 1 = 0. There are obviously no real solutions, thus
we define a new set - the so called imaginary numbers that have negative
squares. In particular, we refer to i =

√
−1 as the imaginary unit and

all other representatives of this set have the form iλ with λ ∈ R. This
new construction naturally yields x1,2 = ±i. More generally, the quadratic
equation

ax2 + bx+ c = 0, a, b, c ∈ R (2.1)

13



14 CHAPTER 2. COMPLEX NUMBERS

always has two roots: in the case ∆ = b2 − 4ac > 0 these are

x1,2 =
−b±

√
∆

2a
· (2.2)

In particular we may have x1 = x2 =
−b
2a

in the case ∆ = 0 and

x1,2 =
−b± i

√
|∆|

2a
, ∆ < 0. (2.3)

Note that the imaginary number contribution always comes with different
signs for the two solutions. This observation is a base point in some deep
theorems of Algebra. Since i2 = −1 ∈ R the set of imaginary numbers can-
not be closed under algebraic operations, so it makes more sense to consider
numbers with real and imaginary parts instead

C ∼= { z = x+ iy | x, y ∈ R, i2 = −1} (2.4)

and call such objects complex numbers. This completes the number sequence

N ⊂ Z ⊂ Q ⊂ R ⊂ C

and going farther along this chain one needs to violate some of the most
fundamental properties regular numbers have, such as commutativity (with
quaternions H), associativity (octonions O) etc. Furthermore, it has been
shown that there are no other norm division algebras1 apart from R, C, H
and O. Why Q fails to satisfy this property is pretty obvious:

√
x2 + y2

is not rational for any pair of numbers x, y ∈ Q, we have a non-trivial
Pythagorean type relation to confine with. Apart from that, Q is a number
field, i.e., all axioms are satisfied and both algebraic operations are invertible.
The latter cannot be said about Z - only summation is invertible there, and
objects like this are called rings (another famous example is the ring of
polynomials). Finally, the integer numbers Z have the structure of a module
(over itself), i.e., we are allowed to add, subtract and multiply, but not
divide. Let us give an example of an algebra, similar to C, which is not
a division algebra, consisting of numbers of the type x + ϵ y with x, y ∈ R
and ϵ2 = 1 (but ϵ ̸= ±1) playing the role of the pseudo-imaginary unit.
This object usually referred to as split complex (or hyperbolic) numbers and
denoted C′ plays an essential role in hyperbolic geometry. However, it has
the problems of zero divisors, i.e., non-vanishing elements whose product is
zero, e.g. defining a± = 1 ± ϵ clearly yields a+a− = 0. Another famous
example is given by the so-called dual numbers (used in modern mechanics)
x+ϵ y with ϵ2 = 0, in which the pseudo-imaginary unit is itself a zero divisor.

1i.e., each non-zero element has a non-vanishing norm and thus, multiplicative inverse.
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2.1 The Algebra of Complex Numbers

From what has been said so far about complex numbers C one easily con-
cludes that as a set it is equivalent to the real plane C ∼= R2, i.e., z =
x + iy ∈ C ↔ (x, y) ∈ R2 where the corresponding Cartesian coordi-
nates (x, y) ∈ R2 are referred to as the real and the imaginary part of z,
respectively. We also write x = ℜ(z), y = ℑ(z) and call the latter alge-
braic coordinates of z or simply say that z = x + iy is given in algebraic
form. Now, it remains to construct the algebra of complex numbers in this
representation postulating

1. The sum of two complex numbers z1,2 = x1,2 + iy1,2 is given as

z = z1 + z2 = x1 + x2 + i(y1 + y2) (2.5)

2. For any λ ∈ R and z = x+ iy ∈ C we have λz = λx+ iλy ∈ C

3. The product of two complex numbers z1,2 = x1,2 + iy1,2 is given as

z1z2 = x1x2 − y1y2 + i(x1y2 + y1x2) (2.6)

⊗ 1 i
1 1 i
i i −1

where for the latter we only use the above multiplication table. Thus we
see that C is closed under summation and multiplication, i.e., it contains all
sums and products of its elements, and the following properties are satisfied
(verify them!)

z1 + z2 = z2 + z1, z1z2 = z2z1

z1 + (z2 + z3) = (z1 + z2) + z3, z1(z2z3) = (z1z2)z3

(z1 + z2)z3 = z1z3 + z2z3, z1(z2 + z3) = z1z2 + z1z3

so it has the structure of a commutative, associative algebra. A generic
algebra, on the other hand, only needs the third one (distributivity) to exist
(apart from all properties on the left). Moreover, all non-zero elements in C
are invertible with respect to summation and multiplication2 (as we shall see

2the additive and multiplicative neutral elements are the same as in R, 0 and 1.
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later), so it is also a number field. This is in fact the maximal extension of R
that preserves the above three pairs of algebraic properties, as well as both
additive and multiplicative invertibility of non-zero elements. Thus, we say
that C is the maximal number field, but note that it is not an ordered field:
we can compare separately the real and imaginary parts of two complex
numbers, but there is no relation z1 > z2 or z1 < z2. This lack of ordering
makes it irrelevant to consider ±∞ as in R: whatever direction we choose in
the complex plane, we are heading to the very same point ∞ and therefore,
adding this point to C, we get the topology of a two-dimensional sphere

C̄ ∼= C ∪ {∞} ∼= S2

referred to as extended complex plane (or the Riemann sphere).

Exercises:

1. Find all roots of z3 − 1 = 0

2. Find the real and imaginary part of z = (1− i)(2i− 3)

3. Write a condition for z1 and z2 so that their sum/product has zero
real/imaginary part

4. Write explicit expressions for f(z) = z2 and f(z) = z3 in terms of real
and imaginary parts

2.2 The Complex Conjugate and the Modulus

Looking at (2.3) we note that if x + iy is a root of a quadratic equation
with real coefficients, so is x − iy. Such symmetry is observed for all roots
of polynomials, as we shall see in the next chapter, and it makes sense to
define it as an operation over the complex numbers. We refer to z̄ = x− iy
as the complex conjugate of z = x + iy (sometimes also denoted by z∗).
Geometrically it is clearly a reflection about the x-axis (see Figure 2.1). Can
you write similarly the corresponding expressions for a reflection about the y-
axis and a point symmetry with respect to the origin? Complex conjugation
is an involution, meaning that its square equals the identity transformation
¯̄z = z. We may use this new operation to generate a bunch real numbers
associated with z. For example, since z + z̄ = 2x and z − z̄ = 2iy, we have

ℜ(z) = z + z̄

2
, ℑ(z) = z − z̄

2i
· (2.7)
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This construction, often used in mathematics, basically decomposes the am-
bient space into a direct sum of two subspaces - one that is preserved under
given involution and another, which is reflected by it. Similarly, we may sep-
arate the even and odd part of a function, symmetric and skew-symmetric
part of a matrix, parallel and orthogonal projection of a vector etc. On the
other hand, it is easy to see that

zz̄ = x2 + y2 (2.8)

which has a clear geometric meaning in view of the Pythagoras theorem:
since the real and imaginary parts are nothing but the Cartesian coordi-
nates of the point z, the above expression yields the square of the Euclidean
distance between z and the origin 0. Thus, it makes sense to denote

|z| =
√
zz̄ =

√
x2 + y2. (2.9)

which we refer to as the modulus of z and it plays central role in our further
considerations. First of all, note that the modulus is a natural extension to
the notion of absolute value for real numbers. More precisely, |z| = R > 0 is
a set of points at equal distance from the origin, that is a circle of radius R,
centered at the origin. This circle cuts from the real axis an open interval
z ∈ [−R,+R] that is the locus of the real modulus inequality |x| ≤ R. In the
same way we can write an equation of a circle of radius R and centered at the
point z0 ∈ C as |z−z0| = R, and its interior respectively with inequality. We
use complex conjugation for one more practical reason - to define division
in C. Note that the multiplicative inverse of a complex number z may be
defined as

z−1 =
1

z
=

z̄

zz̄
=

z̄

|z|2

and if z lies on the unit circle S1 we have z−1 = z̄. With this in mind, we
easily derive

z1
z2

=
z1z̄2
|z2|2

=
x1x2 + y1y2
x22 + y22

+ i
x2y1 − x1y2
x2 + y2

, z2 ̸= 0 (2.10)

which allows for dividing complex numbers.

Example:

5 + 3i

1− i
=

(5 + 3i)(1 + i)

|1− i|2
=

5− 3 + i(5 + 3)

1 + 1
= 1 + 4i.
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Figure 2.1: Complex conjugation as a reflection from the real axis (on the left) and
the trigonometric representation as polar coordinates in the plane (on the right).

Note that on the unit circle the inversion coincides with complex conjuga-
tion. For example, for the imaginary unit we have i−1 = ī = −i, i.e., the
additive and multiplicative inverse coincide. For more exciting examples see
the exercises at the end of this chapter.

2.3 Trigonometric form and Moivre’s Formula

It is clear that there is more than one way to give a description of points
in the plane - what we used so far was the standard Cartesian coordinates,
orthogonal projections over the coordinate axes, providing the algebraic rep-
resentation of a complex number. We may think of these coordinates as of
some infinitely fine net, knitted by vertical (x = const.) and horizontal
(y = const.) straight lines. However, there is another quite natural way
to assign coordinates to a planar point, that relies on the notion of dis-
tance: firstly, foliate the plane into concentric circles and then describe each
point by saying which circle it belongs to (or how far it is from the origin)
and what is its angular parameter on this particular circle. The angle φ
is measured counterclockwise with respect to the positive x-axis. Then we
introduce an alternative orthogonal net in R2, consisting of concentric cir-
cles |z| = const. and radial rays, starting from the origin φ = const. These
coordinates, usually referred to as polar coordinates, are denoted by3

ρ =
√
x2 + y2, φ = atan2

y

x

3the proper quadrant inverse tangent atan2(x) accounts for the signs of sinx and cosx.
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and in this particular context, also called modulus ρ = |z| and argument
φ = arg(z) of the complex number z. Then, the polar change (Figure 2.1)

x = ρ cosφ

y = ρ sinφ, φ ∈ [0, 2π)

may be directly substituted in the algebraic representation of z to obtain

z = |z|(cosφ+ i sinφ) (2.11)

which is the trigonometric representation of the complex number z.

Polar coordinates are singular at the origin. To see this, we only need to
try and follow one ray φ = const through this point - the angular variable
undergoes a jump from φ to φ ± π (a phase jump). In the same way each
smooth curve passing through the origin has this property. This effect is
well known in classical electrodynamics, optics and quantum mechanics,
where complex numbers play a central role in the description of natural
phenomena. On the other hand, properties of complex numbers should
be independent on the choice of coordinates. In particular, summation is
rather straightforward, complex conjugation may be viewed as inversion of
the argument φ→ −φ, while multiplication (2.6) can be written as

z1z2 = |z1||z2| [ cosφ1 cosφ2 − sinφ1 sinφ2 + i(sinφ1 cosφ2 + cosφ1 sinφ2) ]

in which we easily recognize the well-known formulae for cos (φ1 + φ2) and
sin (φ1 + φ2), so we may write the latter as

z1z2 = |z1||z2| [ cos (φ1 + φ2) + i sin (φ1 + φ2) ] . (2.12)

From the above it becomes clear that multiplication complex numbers may
be interpreted geometrically as spiral motion (Figure 2.2), i.e., rotation and
dilatation (scaling), that one of the factors inflicts on the other. In partic-
ular, a complex number of unit modulus z ∈ S1 acts as a pure rotation by
an angle, equal to its argument. On the other hand, if the argument is zero
we end up with a real non-negative number that acts as a pure stretch, or
dilatation. We focus on the former case as the latter is studied in high-school.

Formula (2.12) may be implemented repeatedly, which immediately implies

n∏
k=1

zk =

n∏
k=1

|zk|

(
cos

n∑
k=1

φk + i sin

n∑
k=1

φk

)
(2.13)
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and in particular, for z1 = z2 = . . . = zn = z we deduce Moivre’s formula:

zn = |z|n ( cosnφ+ i sinnφ ) (2.14)

that is very convenient for calculating a power of a complex number.

Example 1. To calculate (1+i)101 first we need to express 1+i in trigono-

metric form. Since |1+i| =
√

12+12 =
√
2, we have 1+i =

√
2

(
1√
2
+

i√
2

)
and the number in the brackets lies on the unit circle, which means that
its real part is cosine and the imaginary - sine of some argument φ. Since

they are equal, it is not hard to find that φ =
π

4
and according to (2.14)

we have (1 + i)101 =
√
2
101

cos
101π

4
+ i sin

101π

4
= 250

√
2 cos

5π

4
+ i sin

5π

4

where make use of the fact that
101π

4
=

5π

4
+ 24π and the last term on the

right can be dropped from the argument of sin and cos as they are both
2π-periodic functions. Then, finally, we obtain (1 + i)101 = −250(1 + i).

The present paragraph uses some basic constructions of calculus, e.g. limits
and derivatives, which may skipped by an unprepared student. For two
complex numbers on the unit circle z, w ∈ S1 we have the representation

z = cosφ+ i sinφ, w = cosψ + i sinψ

and their product is reduced, according to formula (2.12), to addition of the
arguments, i.e., zw = cosφ+ ψ+ i sin (φ+ ψ), which resembles suspiciously
the multiplication law for exponential functions αφαψ = αφ+ψ and we as-
sume there is a complex number α (real exponents cannot be periodic), such
that z = αφ. It is actually possible to show that z = eiφ, where the base
e ≈ 2.718 . . . (similarly to π) is a transcendent number - it cannot be written
as any kind of fraction, finite or infinite periodic decimal number. Instead,
it is usually defined as a limit of a sequence or the sum of an infinite series

e = lim
n→∞

(
1 +

1

n

)n
=

∞∑
k=0

1

k!
(2.15)

which allows for writing

eiφ = lim
n→∞

(
1 +

iφ

n

)n
=

∞∑
n=0

in
φn

n!
=

∞∑
n=0

(−1)n φ
2n

(2n)!
+ i

∞∑
n=0

(−1)n φ2n+1

(2n+ 1)!
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Figure 2.2: Complex powers (on the left) and complex roots of unity (on the right).

where for the last equality we use the fact that in equals ±1 for even n and
±i for odd power n. The two series on the right are the well-known expan-
sions of cosφ and sinφ. However, a much simpler way to derive the above
exponential expression is to consider z(φ) = cosφ+ i sinφ as a function of φ
and differentiate, which yields (cosφ+ i sinφ)′ = i cosφ− sinφ, so we need
to have z′ = iz with the initial condition z(0) = cos 0 = 1, which has the
unique solution z = eiφ. Then, allowing non-unit moduli, we may write also

z1z2 = |z1||z2|ei(φ1+φ2) (2.16)

while from the even and the odd part of z(φ), using complex conjugation

e±iφ = cosφ± i sinφ

we easily obtain the expressions (due to Euler)

cosφ =
eiφ + e−iφ

2
, sinφ =

eiφ − e−iφ

2i
(2.17)

which may be considered as a definition and appear useful in various cases.

Complex Roots. We may use (2.14) in order to derive a formula for the
nth root of a complex number. All we have to do is assume that z = wn

for some complex number w = |w|(cosψ+ i sinψ). Then, we obviously have
|w|n = |z| and nψ = φ+ 2kπ as formula (2.14) suggests. In other words

|w| = |z|
1
n , ψ =

φ+ 2kπ

n
· (2.18)

where |z|
1
n denotes the (unique) positive real n-th root of |z|. Note that

these are in fact n solutions for k = 0 . . . n − 1. As k becomes equal to n,
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a period of 2π can be factored out and thus the “new” solutions begin to
repeat the “old” ones. Then, we may conclude

n
√
z = |z|

1
n

(
cos

φ+ 2kπ

n
+ i sin

φ+ 2kπ

n

)
, k = 0 . . . n− 1. (2.19)

Example 2. We may easily find all zeroes of the polynomial z6 − 1 = 0
(sixth roots of unity) - since all of them have the same (unit) modulus, we
only need to take care of the angular parameter. The base root is obviously

real ( 6
√
1)0 = 1 as we have φ = 0 and ψ0 =

φ

6
= 0. Each successive root

then is obtained from the previous one by adding a phase ∆ψ =
2π

6
=
π

3
to

the previous one: ψk =
kπ

3
, k = 0 . . . 5, which comes to show that the roots

are vertices of a regular hexagon, inscribed in the unit circle. Substituting
z = 1 and n = 6 into (2.19) it is straightforward to obtain

(
6
√
1)0 = 1, (

6
√
1)1 =

1

2
+ i

√
3

2
, (

6
√
1)2 = −

1

2
+ i

√
3

2

(
6
√
1)3 = −1, (

6
√
1)4 = −

1

2
− i
√
3

2
, (

6
√
1)5 =

1

2
− i
√
3

2
·

Derive the same result using (2.3) and the factorization

z6 − 1 = (z3 − 1)(z3 + 1) = (z − 1)(z2 + z + 1)(z + 1)(z2 − z + 1).

Note that the procedure of obtaining the nth root of an arbitrary complex
number does not differ much from the above example - first we need to
define the circle all roots lie on - it is centered at the origin and has radius

R = |z|
1
n , then we need the “base” root (the one with argument

φ

n
) obtain

each successive by adding a phase of
2π

n
(one nth of the full revolution) and

thus, inscribe a regular polygon in the corresponding circle with one of its

vertices pointing in the direction of ψ0 =
φ

n
(see Figure 2.2).

Exercises:

1. What is |z2| compared to |z|2 and when are these equal?

2. Find the intersection points of |z − i| = 1 and |z − 1| = 1.

3. Describe visually the set of points z such that |z− z0| = R for a given
z0 ∈ C and R > 0.
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4. Calculate the Euclidean distance between the points 3− 4i and 1 + i.

5. Present the numbers
1− i
1 + i

,
2 + 3i

3− i
and

i+
√
2

1− iπ
with their real and

imaginary parts.

6. Make a sketch of the annulus 1 < |z − i| < 2.

7. Draw the area π < |z| < 4, π/3 < arg(z) < 2π/3, ℜz > 3.

8. Describe the image of the coordinate net x = const, y = const under
the transformation f : z → z2.

9. Find the trigonometric form of i− 1 and 1 + i
√
3.

10. Calculate
(1− i)2013

(1− i
√
3)137

.

11. Find all roots of

a) z6 + 32 i = 0

b) z5 + i = 1

c) z4 + 1 = i
√
3

d) (z + 1)7 + (z − 1)7 = 0

12. Express
zn

z̄k
and

(z − z0)n

(z + z0)k
in trigonometric form.

13. Show that eikπ = ie−i(k+
1
2
)π = (−1)k, k ∈ N.

14. Prove that

n−1∑
k=0

ei
2kπ
n = 0, n ∈ N+.

15. Draw pictures of the loci in C described by

a) 1 < |z − i| < π

b) |z| = argz
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c) |z − 1|+ |z + 1| = 1

d) z2 < 1

16. Find the complex root

3
√
i− 1, 5

√
1− i

1 + i
√
3

17. Using Moivre’s result, derive a formula for cosnx and sinnx.

18. Find the real and imaginary part of ez, sin z and cos z2.

Hint: Use (2.17) and the so-called hyperbolic sine and cosine functions

coshx =
ex + e−x

2
, sinhx =

ex − e−x

2
(2.20)

that constitute the even and the odd part of the real exponent. Note
that the above may be defined also from the equalities

coshx = cos ix, sinhx = i sin ix

cosx = cosh ix, sinx = −i sinh ix.

Moreover, we have the hyperbolic trigonometric identity

cosh2 x− sinh2 x = 1

that can be used to parameterize a hyperbola, as well as

cosh′ x = sinhx, sinh′ x = coshx

since (ex)′ = ex and finally

sinh (x+ y) = sinhx cosh y + coshx sinh y

cosh (x+ y) = coshx cosh y + sinhx sinh y.



Chapter 3

Polynomials

We refer to any sum of the type

Pn(z) =
n∑
k=0

akz
n−k = a0z

n + a1z
n−1 + . . .+ a1z + an, a0 ̸= 0 (3.1)

with ak, z ∈ C as a polynomial of order (degree) n on the complex variable
z with complex coefficients ak. In particular, a0 is called the highest order
coefficient, while an is referred to as the free term. With a few modifications
one may generalize the above definition to polynomials on several variables,
matrix polynomials, or such of infinite order (power series). Furthermore,
we shall often restrict our considerations to polynomials with real, rational
or even integer coefficients, as well as such, depending on a real parameter.
Non-zero constants, linear and quadratic functions are common examples.
Polynomials have some distinguished properties among other functions that
make them a preferred tool for many analytical and numerical considera-
tions. For example, they form a closed set under summation and multiplica-
tion. In order to sum two polynomials, we only need to sum the coefficients
in front of corresponding powers of the variable z. Similarly, the difference
P −Q is defined as a sum of P and −Q, where multiplication with a number
(in this case −1) means multiplying all the coefficients by this number. Two
polynomials are said to be equal if all their coefficients are equal (equiva-
lently, P − Q = 0). Multiplication of polynomials, however, is a bit more

complicated - the product of Pn(z) =

n∑
k=0

akz
n−k and Qm(z) =

m∑
k=0

bkz
m−k,

is a polynomial Rm+n(z) =

n∑
k=0

ckz
m+n−k with coefficients ck =

∑
i+j=k

aibj .

25
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3.1 Zeroes and Factorization

Polynomials with complex coefficients possess finite sets of isolated zeroes
(roots), i.e., points zk ∈ C, for which Pn(zk) = 0. This set is non-empty if
the order (degree) is greater than zero, as stated by the following

Theorem 1 Each polynomial Pn(z) with n > 0 has at least one zero.

known as the main theorem of the algebra. We are not going to prove this
theorem here, but instead, only illustrate its validity for low values of n.
Firstly, for n = 0, Pn(z) is a constant, so unless Pn ≡ 0, there are no
zeroes. For linear functions of the type P1(z) = a0z + a1, since a0 ̸= 0

by definition, one always has the zero z0 = −
a1
a0

. For quadratic functions

P2(z) = a0z
2 + a1z + a2, it is well-known that the two zeroes are given by

z1,2 =
−a1 ±

√
∆

2a0
, ∆ = a21 − 4a0a2. (3.2)

Next, we proceed with polynomial division: like with integer numbers we
write

Pn(z)

Qm(z)
= Rn−m(z) +

Sl(z)

Qm(z)
, m ≤ n (3.3)

and refer to Pn as to the dividend, Qm the divider and Rn−m - as the quotient
of the division. The polynomial Sl with l < m is called the remainder of
that division and we say that Qm divides Pn whenever Sl vanishes. Next, we
consider an example, explaining the so-called long division of polynomials.
Let Pn(z) = 3z4 − z2 + 1 and Qm(z) = z2 + 1, then we take the highest
order terms and see how many times the one in the divider fits into that of
the dividend. Obviously, we need to multiply by a factor of 3z2, so this is
the first part of the quotient:

3z4 − z2 + 1

z2 + 1
= 3z2 + . . .

To see what follows we need to subtract

3z4 − z2 + 1− 3z2(z2 + 1) = −4z2 + 1

which appears as an intermediate remainder in our long division procedure.
Its order, however, is not less than the order of the divider m = 2, so we
may continue dividing it to z2 + 1 in the same way. The coefficient of pro-
portionality between the highest order terms is now −4, which appears as
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the next contribution in the quotient, and to see what the next remainder
is, we subtract −4z2+1−4(z2+1) = −3, which is already the final remain-
der, since its order (zero) is now strictly less than the one of the divider.
Therefore, we may write

3z4 − z2 + 1

z2 + 1
= 3z2 − 4 +

−3
z2 + 1

so the quotient in this case is 3z2− 4 and the remainder is −3, respectively.
In many situations it is important to consider a particular case of division,
in which the divider is a linear function of the type Q1 = z−c. For arbitrary
order n one has the following very useful

Theorem 2 The remainder of the division of Pn(z) with z−c equals Pn(c).
Proof. It suffices to set z = c in the expression

Pn(z) = (z − c)Rn−1(z) + S0. �
One particular application of this theorem is to choose c = z1 to be a zero of
Pn(z), that always exists for n > 0 according to the main theorem of algebra.
Then, z − z0 divides Pn and the quotient is a polynomial of degree n − 1.
If this number is still greater than 0, we may find a zero, say z2, so that
z− z2 divides Rn−1, and thus Pn, which isolates a factor of (z− z1)(z− z2).
Proceeding like this we end up with a constant remainder, given by the
above theorem, which implies the following

Theorem 3 Each polynomial of order n has exactly n zeroes zi ∈ C (some
of which may be coincident) and the may thus be factorized as

Pn(z) = a0(z − z1)(z − z2) . . . (z − zn). (3.4)

One straightforward application of the above result yields the famous Vieta’s
formulae. Let us express the polynomial (3.4) in two familiar ways

a0z
n + . . .+ an−1z + an = a0(z − z1)(z − z2) . . . (z − zn).

Then, we open the brackets on the righthand side and equate the coefficients
in front of the corresponding powers of z, thus obtaining the n relations∑

i1<i2...<ik

zi1 . . . zik = (−1)k ak
a0

(3.5)

and in particular

n∑
k=1

zk = −
a1
a0

and

n∏
k=1

zk = (−1)nan
a0

are the first and the

last of those (except for the trivial one a0 = a0). In the familiar example

n = 2, one has z1 + z2 = −
a1
a0

and z1z2 =
a2
a0

(derive the formulae for n = 3).
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3.2 Horner’s Method and its Applications

Let us consider once more Theorem 2 and equate, just as before, the two
expressions of

a0z
n + . . .+ an−1z + an = (z − c)Rn−1(z) + S0.

where Rn−1(z) = b0z
n−1 + . . . bn−2z + bn−1. Opening the brackets on the

righthand side and relating the coefficients in front of equal powers of z, we
end up with

a0 = b0, a1 = b1 − b0c, . . . an = S0 − bn−1c

which may be reversed into an iterative procedure, known as Horner’s
method, for obtaining the coefficients bk of the quotient and the remainder
S0 (denoted for convenience as bn) from those of the dividend ak, namely as

b0 = a0, bk = ak + bk−1c. (3.6)

This is a powerful technique for polynomial division (referred to as synthetic
division), although the divider is bound to be linear. On the other hand, one
may factorize the latter as formula (3.4) shows and then perform successive
division. Consider the simple example (z3 + 1) : (z2 − 1), in which

{ak} 1 0 0 1

c1 = 1 1 1 1 2
c2 = −1 1 0 1 1

⇒ z3 + 1

z2 − 1
= z +

1

z − 1

as can be seen also by long division. Now, to explain how it can be ob-
tained from the above table. The first two numbers in the final row are the
coefficients of the quotient, while the last two - those of the remainder. In
particular, it is not hard to see that S1(z) = bn−1(z − c1 − c2) + bn, which
in this case turns out to be z − 1 + 1+ 1 = z + 1 and thus the above result.
Note that it is more efficient to divide by z + 1 first as the intermediate
remainder would be zero. This construction may easily be generalized to
dividers of higher order, but it appears more complicated compared to the
long division. Let us now consider another example, in which the dividend
is Pn(x) = 3z4−2z3−3z2−z+1 and the for the divider we have z2−3z+2.
The latter obviously1 has roots z1 = 1 and z2 = 2, so it may be written as
(z−1)(z−2). Then, instead of the usual long division, explained previously,
one may divide Pn(z) first by z−1 and then by z−2 via the Horner method

1the sum of the coefficient is zero, thus z1 = 1 and z2 follows from the Vieta’s formulae.
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{ak} 3 −2 −3 −1 1

c1 = 1 3 1 −2 −3 −2
c2 = 2 3 7 12 21 40

where the first row consists of the coefficients of the dividend and in each
cell below we write the sum of the number in the cell above and the product
of the one on the left with the number c written in the first column, except
for the first coefficient, which remains the came in every row. Thus, we have

3z4 − 2z3 − 3z2 − x+ 1 = (3z2 + 7z + 12)(z2 − 3z + 2) + 21(z − 3) + 40.

Another use of Horner’s method is obtaining an expansion of a given poly-
nomial Pn(z) in terms of a shifted argument, say z − c. For example, let us
expand z3 + 3z2 − 2z + 1 in powers of z + 1. This yields applying succes-
sively the procedure with c = −1 and taking the intermediate remainders
as coefficients of the resulting polynomial, starting with the free term and
building up to the highest order coefficient, as shown in the table below

{ak} 1 2 −2 1

−1 1 2 −4 5

−1 1 1 −5
−1 1 0

−1 1

which finally yields the corresponding expansion in the form

z3 + 3z2 − 2z + 1 = (z + 1)3 − 5(z + 1) + 5.

Rational Zeroes of Polynomials with Integer Coefficients

There is one particularly well-known application of Horner’s algorithm as a
numerical procedure for obtaining the rational zeroes (if any) of polynomials
with integer coefficients. Let us first note that if c is a zero of Pn(z), then
Theorem 2 asserts that the remainder S0 in the division of Pn to z − c has
to vanish. Thus, obtaining zero in the last cell of a Horner table shows that
we have come across a root. Guessing polynomial zeroes, however, is not
reasonable, unless we have some initial clue. The following theorem suggests
one such clue.

Theorem 4 If z0 =
p

q
(p, q ∈ Z) is a rational zero of Pn(z), then p divides

the free term an and q - the highest-order coefficient a0, respectively.
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Proof. Since z0 is a root, we obviously have

a0
pn

qn
+ . . .+ an−1

p

q
+ an = 0

which yields, upon multiplication by qn−1, the equality

a0
q
pn = −a1pn−1 − . . .− anqn−1 ∈ Z.

Since, on the one hand, the righthand side is integer, while on the other, p
and q are co-prime, i.e., have no common divisors except 1, it follows that
a0
q
∈ Z and therefore, q divides a0. Similarly, multiplying the initial equality

by
qn

p
, we obtain

an
p
qn = −a0pn−1 − . . .− an−1q

n−1 ∈ Z, which comes to

show that p divides an. �

Corollary 1 If Pn(z) has integer coefficients and a0 = 1, then all rational
zeroes are also integer.

Let us consider one example for the latter, namely Pn(z) = z3−2z2−4z+3.
Obviously, rational roots can only be ±1 and ±3. We may easily test each
of these possibilities and then use Horner’s method to effectively reduce the
order. Thus, we find the only rational root to be z0 = 3 and

{ak} 1 −2 −4 3

c = 3 1 1 −1 0

so we have Pn(z) = (z − 3)(z2 + z − 1) and the quadratic equation on
the righthand side can easily be solved via formula (12.1), which yields

Pn(z) = (z−3)(z+φ+)(z+φ−), where φ± =

√
5± 1

2
are the two solutions of

the famous golden ratio. Another example, which involves rational (not only
integer) zeroes might be the cubic equation 2z3−z2−18z+9 = 0. According

to Theorem 4, the only possible rational zeroes are ±1,±3,±9,±1

2
,±3

2
,±9

2
.

It is easy to see that ±1 cannot be a root, so we proceed with the remaining
values, for which the Horner’s method yields

2 −1 −18 9

c = 3 2 5 −3 0
c = −3 2 −1 0

c =
1

2
2 0

so we may factorize 2z3 − z2 − 18z + 9 = (2z − 1)(z + 3)(z − 3).
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3.3 Partial Fraction Expansion

In the context of polynomial division, we consider a useful technique to
transform rational functions, i.e., fractions of polynomials, into simpler form.

Here we consider only proper rational functions R(z) =
Qm(z)

Pn(z)
with m < n.

Then, if Pn has only real simple zeroes zk, the representation (3.4) yields

R(z) =
Qm(z)

Pn(z)
=

A1

z − z1
+

A2

z − z2
+ . . .+

An
z − zn

(3.7)

where the constants Ak are determined by the above equality. It is easy to
illustrate this with an example: take Pn = 1− z2 and Qm = 1, hence

1

1− z2
=

A1

1− z
+

A2

1 + z
=
A1(1 + z) +A2(1− z)

1− z2
=

(A1 −A2)z +A1 +A2

1− z2

and since the denominators are equal, so must be the numerators, but equal-
ity of polynomials demands equality of all corresponding coefficients, which
yields a system of equations for the constants Ai, namely A1 − A2 = 0 and
A1 +A2 = 1 with the obvious solution A1 = A2 = 1/2. Then, we may write

1

1− z2
=

1

2

[
1

1− z
+

1

1 + z

]
·

Let us now consider the case of a multiple root zk, which contributes to the
factorization as (z − zk)p. It adds to the expansion (3.7) a sum of the type

B1

z − zk
+

B2

(z − zk)2
+ . . .+

Bp
(z − zk)p

· (3.8)

To see this we use another example, in which the dividend is Q = z2+1 and
the divider P = z3 − z2 − z + 1, respectively. Obviously z0 = 1 is a zero of
the later, since the sum of its coefficients vanishes. Thus, it may be written
also as P = (z2 − 1)(z − 1) = (z + 1)(z − 1)2 and in the expansion

z2 + 1

(z + 1)(z − 1)2
=

A

z + 1
+

B1

(z − 1)
+

B2

(z − 1)2

we already have three constants to deal with. Transforming the righthand
side as in the previous example, we obtain the polynomial equality

z2 + 1 = A(z − 1)2 +B1(z
2 − 1) +B2(z + 1)
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in which the coefficients in front of independent powers of z yield the system

A+B1 = 1, 2A−B2 = 0, A−B1 +B2 = 1

with the obvious solution A = B1 = 1/2 and B2 = 1, so we may write

z2 + 1

z3 − z2 − z + 1
=

1

2

[
1

z + 1
+

1

z − 1

]
+

1

(z − 1)2
=

x

z2 − 1
+

1

(z − 1)2
·

Finally, let us consider the case of complex roots with non-vanishing imag-
inary parts. Since the latter come in pairs of complex conjugates, as it
became clear in the previous chapter, they may all be thought of as arising
from quadratic factors with negative discriminants in the decomposition.
Each such factors contributes to the expansion (3.7) with a term of the form

Cz +D

az2 + bz + c
, b2 − 4ac < 0. (3.9)

Take for example the rational function
z4

z3 + 1
· If we attempt to apply the

procedure directly, it would simply not work, since the power of the numera-
tor exceeds that of the denominator. In order to obtain a “proper fraction”,
we first need to divide and then work with the remainder alone, leaving the
polynomial quotient aside. Long division in this case yields

z4

z3 + 1
= z − z

(z + 1)(z2 − z + 1)
+

A

z + 1
+

Cz +D

z2 − z + 1

thus leading to the equality

A(z2 − z + 1) + (Cz +D)(z + 1) = z

from which we derive the system of equations

A+ C = 0, A− C = 1, A+D = 0

determining the values of the coefficients A = 1/2 and C = D = −1/2.
Finally, to sum up the general result, one has

R(z) =
Qm(z)

Pn(z)
=

k−1∑
i=1

Ai
z − zi

+

p∑
j=1

Bj
(z − zk)j

+
Cz +D

az2 + bz + c
(3.10)

where the first sum on the righthand side corresponds to the k − 1 simple
roots, the second one - to the multiple root zk (which is assumed to be only
one and of multiplicity p), while the third sum gives the contribution of the
complex pair of roots, arising form the quadratic equation with negative
discriminant in the denominator (also assumed to be just one).
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Heaviside Expansion

Here we present an alternative method for partial fraction expansion due
to Heaviside, which yields the solutions in a simpler form, but relies on
some basic constructions of mathematical analysis (limits and derivatives).
Consider the expansion (3.7) of the proper (m < n) rational function R(z)
assuming for now that all the roots of the denominator Pn(z) are simple
(not necessarily real). Multiplying both sides of the equality successively
with z − zk for all the roots zk and then taking the limit z → zk we may
easily isolate the corresponding coefficient Ak in the form

Ak = lim
z→zk

(z − zk)R(z) (3.11)

since all the remaining terms contain z − zk as a factor, and thus vanish in
the limit. Note that, after the cancelation, it suffices to set z = zk in the
righthand side above as the zeroes are simple and isolated. However, we
keep this notation to focus on the generality of the construction2. On the
other hand, the above expression may also be written via differentiation as

Ak =
Qm(zk)

P ′
n(zk)

· (3.12)

Now, let us consider the case of a multiple root with the notation (3.8), in
which it is not possible to isolate the coefficients Bm directly. Instead, we
multiply with (z − zk)p that yields a polynomial expression of the type

(z − zk)pR(z) =
p∑

m=1

Bm(z − zk)p−m.

Then, differentiating p − m times, we eliminate the terms Bj for j < m,
while taking the limit z → zk eliminates those with j > m since they
contain z − zk as a factor, thus leaving only the constant term (p−m)!Bm
on the righthand side (the pre-factor is due to the successive differentiation).
Finally, this proves the formula

Bm =
1

(p−m)!
lim
z→zk

[(z − zk)pR(z)](p−m) . (3.13)

Consider the above example involving double roots

R(z) =
z2 + 1

z3 − z2 − z + 1
=

A

z + 1
+

B1

(z − 1)
+

B2

(z − 1)2
·

2which reappears in various contexts, e.g. in the so-called residual calculus.
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Using either (3.11) or (3.12) it is straightforward to obtain

A = lim
z→−1

z2 + 1

(z − 1)2
=

1

2

while for the B-coefficients it is necessary to multiply with (x−1)2 and then,
differentiate in order to obtain

B1 = lim
z→1

(
z2+ 1

z + 1

)′
=
z2 + 2z − 1

z2 + 2z + 1 |z=1

=
1

2
, B2 =

z2+ 1

z + 1 |z=1

= 1.

Note that the presence of simple roots does not disturb the procedure for
the B-coefficients given by formula (3.13) as the corresponding terms are
multiplied by (z − zk)p, which vanishes after the limit is taken (there is no
cancelation of factors whatsoever). Moreover, it is not necessary to assume
that the zeroes are real in any of the above methods - they both work per-
fectly well also with complex roots. However, in many practical applications
(e.g. for the integration of rational functions) we prefer to work with real
expressions and thus, combine the contribution of complex conjugate pairs
into a real expression without further decomposing quadratic polynomials
with negative discriminants. Using the Heaviside expansion (also known as
cover-up method), it is also possible to express the fractional decomposition
in terms of real rational functions only. Consider one more simple example

R(z) =
z + 1

z3 − z2 + z − 1
=

z + 1

(z − 1)(z2 + 1)
=

A0

z − 1
+

A1

z − i
+

A2

z + i

in which we clearly have three simple roots in the denominator, namely
z0 = 1 and z1,2 = ±i. Then, formula (3.11) determines the A-coefficients as

A0 = (z − 1)R(z)|z=1
= 1

and respectively

A1,2 = (z ∓ i)R(z)|z=±i
=

z + 1

(z − 1)(z ± i) |z=±i

= ± i
4
(1± i)2 = −1

2

so one may finally express the fractional expansion of R(z) in the form

z + 1

z3 − z2 + z − 1
=

1

z − 1
− 1

2

[
1

z − i
+

1

z + i

]
=

1

z − 1
− z

z2 + 1
·
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Problem Session

1. Divide the polynomials via long or synthetic division (Horner’s rule)

a) (x4 + 2x3 + x− 1) : (x2 + 1)

b) (4x4 + x2) : (x+ 1 + i)

c) (2x6 + 3x4 − x2 − 5x+ 1) : (1− i)

2. Solve the equations

a) 2x3 − x2 − 18x+ 9 = 0

b) x4 + 2x3 − 4x2 − 5x− 6 = 0

c) 2x4 − 11x3 + 18x2 − 4x− 8 = 0

d) x5 + 3x4 − x3 − 11x2 − 12x− 4 = 0

3. Prove that the roots xk of the polynomial P3(x) = 36x3−12x2−5x+1
satisfy x1 + x2 = x3 and then find them.

4. Set the value of the parameter λ in the equation x3 − 7x + λ = 0, so
that two of the roots are in a proportion 2 : 1.

5. Compose a polynomial of order six with zeroes

α,
1

α
, 1− α, 1

1− α
, 1− 1

α
,

1

1− 1

α

, α ∈ R

6. Find the relation between the parameters a, b and c, so that the roots
of the equation x3+ax2+bx+c = 0 constitute a geometric progression.

7. Obtain the fractional expansion of the following rational functions

a)
x5 + 1

x6 + x4

b)
x4 − 3x3 + x2 + 4x− 1

x3 − 3x2 + x− 3

c)
3x3 + 6

x4 − 5x2 + 6

d)
x4 − 2x2 + 3

(x+ 1)5

Hint: in the last example expand the numerator in powers of x+ 1.
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Chapter 4

Points and Vectors in R2

A real vector space (also referred to as a linear space) is a set V , which
contains all linear combinations of its elements with real coefficients, i.e.,

∀v1,2 ∈ V, α1,2 ∈ R ⇒ α1v1 + α2v2 ∈ V. (4.1)

Complex vector spaces are defined in a similar way, letting this time α1,2 ∈ C.
To see that this definition actually makes sense, let us provide a couple of
examples. A trivial one is the field1 of real numbers R itself, but it is
not a complex vector space. Similarly, Q may be considered a rational
vector space, i.e., such with rational coefficients, but it is neither real, nor
complex one. For example, pick a coefficient α1 =

√
2 and α2 =

√
−1, that

obviously destroys the rationality (and even reality) of the construction (4.1)
restricted to non-zero pairs of rational numbers v1,2 ∈ Q. It is only fair to
call elements of vector spaces vectors. Therefore, we may think of real and
complex numbers as of vectors, but those are only very basic examples. We
are going to gain more experience with vectors and relate them directly to
plane and space geometry as we advance in the algebra. Moreover, this will
allow us to enjoy and benefit some additional structures these linear spaces
possess. For now, we start with the familiar complex numbers and use some
of their properties to build a consistent tool for studying planar geometry.
Most of the constructions below, however, have a natural generalization in
higher dimensions, which we are going to introduce in a more formal manner
once we become acquainted with matrices.

1in algebra we refer to nonzero commutative division rings as fields.

37
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Complex Numbers as Vectors in the Plane

Let us recall some facts about complex numbers. Firstly, both summation
and multiplication with a real number are performed component-wise, i.e.,
if zk = xi + iyk ∈ C, k = 1, 2, then z1 + z2 = (x1 + x2) + i(y1 + y2)
and λzi = λxk + iλyk for λ ∈ R. Those are exactly the explicit rules
needed for operations with vectors in the plane. We may write the cartesian
coordinates, which measure the orthogonal projections over the coordinate
axes, as we already know, in ordered rectangular tables, called matrices

zk = xk + iyk ←→
(
xk
yk

)
which is more customary when dealing with vectors. Besides, this frame-
work generalizes naturally to arbitrary dimension without the need of com-
plex structures. The geometric interpretation as pointing arrows with given
directions lengths remains in the higher dimensional case too.

4.1 Free and Attached Vectors

It is rather tempting to interpret vectors in R2 as complex numbers, or
equivalently, points in the plane. Note, however, that points are usually
associated with radius-vectors depicted by an arrows connecting the origin
of the coordinate system with the given point, whose cartesian coordinates
coincide with the vector components. The corresponding space (of points)
is called affine and we also speak of attached vectors. They may be depicted
as arrows fixed to a given point in the plane (or space). The coordinates
of attached vectors and radius-vectors in particular undergo an alteration
whenever the origin of the reference frame is shifted. In mechanics, such
vectors are used for example to model velocities or forces acting on a certain
point (e.g. the center of masses) of the body. Free vectors, on the other hand,
are not related to any particular point and can thus be moved anywhere in
space. Their coordinates remain the same in a moving (without rotation)
reference frame. A good mechanical example would be that of a homogenous
force field. An easy way to obtain a free vector is by subtracting two radius-
vectors r1,2: since each of them undergoes a transformation of the type
ri = ri − a whenever the reference frame is shifted by a translation vector
a, the difference v12 = r2− r1 remains unaltered. This difference also has a
simple geometric interpretation. Recall that the vector sum of r1 and r2 is
depicted as the main diagonal of the parallelogram, determined by the two
radius-vectors (Figure 4.2). Similarly, the difference r2−r1 is associated with
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the second diagonal, i.e., an arrow starting at (the point with radius-vector)
r1 and ending at r2. This arrow, however can be moved anywhere in space as
long as its direction and length are preserved. If the subtraction takes place
in the reverse direction, namely r1−r2, it points form the end of r2 towards
the one of r1. More generally, any linear combination of radius-vectors, in
which the sum of all coefficients vanishes, yields a free vector. Note also
that summation and multiplication with a number appear quite naturally
in geometry if one attempts to change the origin of the coordinate system,
or the scale of measurement, respectively. For example, if the point A is
represented by a radius-vector r in the reference frame {K}, then shifting
the latter to {K ′} with a translation vector a, the coordinates of the point
A are also altered (the point itself being fixed) and it is not difficult to see
that this shifted radius-vector is given as r′ = r−a. Similarly, if we want for
some reason to change the scale of measurement, e.g. from centimeters to
meters, we need to multiply all vectors, and in particular, the radius-vectors,
representing point locations, by a re-scaling factor, in our case λ = 10−2.

4.2 The Polar Change

As we discussed above, cartesian coordinates represent a given vector via its
orthogonal projections over the coordinate axes. Similarly, the trigonometric
form of complex numbers, more broadly known in mathematics by the name
of polar coordinates, represents a vector in terms of its magnitude (or length)
usually denoted by ρ and the angle φ it makes with the positive direction
of the x-axis. As it can be shown with an elementary geometric argument
(right triangles), the relation between the two descriptions is given by the
so-called polar change (see Figure 4.1)

x = ρ cosφ, y = ρ sinφ. (4.2)

Conversely, one may easily derive expressions for the polar coordinates as
functions of the cartesian ones in the form

ρ =
√
x2 + y2, φ = atan2

(y
x

)
· (4.3)

Polar coordinates depict most naturally the idea of vectors having magni-
tude and orientation. However, they have some disadvantages, such as the
singularity at the origin, where the polar angle is ill-defined: passing through
this point adds a phase of ±π to the angular variable2. Moreover, these co-
ordinates are nonlinear, i.e., if we represent points (or radius-vectors) as

2this fact has some non-trivial consequences in optics.
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Figure 4.1: The usual introduction of the polar change (on the left) and the
associated coordinate net (on the right).

ri → (ρi, φi), the addition law would look cumbersome and in particular

(ρ1, φ1) + (ρ2, φ2) ̸= (ρ1 + ρ2, φ1 + φ2).

On the other hand, in many cases such representation appears much more
convenient. For instance, we may use them to derive some angular relations
for the basic operations in Euclidean space, already familiar from the consid-
eration of complex numbers and in particular, the dot and wedge products.

4.3 Dot and Wedge Products

Modeling vectors in R2 with complex numbers provides a variety of useful
constructions that may naturally be generalized to higher dimensions. For
example, let us consider the modulus of a complex number

|z| =
√
z̄z =

√
x2 + y2

which, according to the famous Pythagoras theorem, has the interpretation
of length or distance. More generally, identifying radius-vectors ri with
points zi ∈ C ∼= R2, we may define the scalar (or dot) product of r1,2 as

r1 · r2 = (r1, r2) = ℜ(z̄1z2) = x1x2 + y1y2. (4.4)

Similarly, for vectors in three-dimensional space we have

r1 · r2 = x1x2 + y1y2 + z1z2.

On the other hand, complex numbers provide one more interesting type of
multiplication, usually referred to as exterior (or wedge) product, namely

r1∧ r2 = z1∧ z2 = ℑ(z̄1z2) = x1y2 − x2y1. (4.5)
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Figure 4.2: The vector sum (on the left) and and dot product (on the right).

Note that the former one is symmetric, i.e., r1 · r2 = r2 · r1, while the latter
is skew-symmetric, meaning that r1∧ r2 = −r2 ∧ r1. Moreover, with the aid
of the polar change (4.2) we easily see that (see Figure 4.2)

r1 · r2 = |r1||r2| cosφ12

where the vector norm |ri| = ρi is actually the radial component of the polar
coordinates and φ12 = φ2−φ1 is the relative angle between the two vectors.
Similarly, using simple trigonometric identities, one may show that

r1∧ r2 = |r1||r2| sinφ12.

These two relations suggest a direct geometric interpretation of the dot and
wedge products. Namely, the former measures the orthogonal projection of
r1 onto the direction of r2, additionally multiplied with the magnitude of r2
(or vice versa). In particular, if both vectors are unit, i.e., |r1| = |r2| = 1,
their dot product simply equals the cosine of the angle they spread. The
wedge product, on the other hand, gives the oriented area3 of the parallel-
ogram determined by the two vectors. Moreover, these operations may be
used also for obtaining the angle between two vectors, given in terms of their
cartesian coordinates as

φ12 = atan2
r1∧ r2
r1 · r2

(4.6)

as well as for criteria of orthogonality or parallelism between nonzero vectors

r1 ⊥ r2 ⇔ r1 · r2 = 0, r1 ∥ r2 ⇔ r1∧ r2 = 0. (4.7)

Note that all the above results hold also for free vectors or arbitrary attached
vectors. The latter may be obtained via shifting a radius-vector with a

3i.e., with a sign depending on the orientation.
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free translation vector r̃ = r + a, which is interpreted equivalently as a
displacement of the coordinate system. For example, one obviously has

N∑
i=1

r̃i =

N∑
j=1

rj +Na

and summation demands all vectors to be attached to the same point in
space. As for free vectors, no such restriction is necessary: each term can
be moved freely in space so that its base point coincides with the end point
of the previous one. Then, the resultant (i.e., the sum) is obtained by con-
necting the base of the first with the end of the last vector. In particular,
if the vectors ri form a closed polygon with consistent orientation of the
sides, their sum is bound to be zero. Let us consider an example, in which

the free vectors v1 =

(
1
1

)
and v2 =

(
−1
0

)
form a triangle with the third

side given by their sum v3 = v1 + v2 =

(
0
1

)
· The task is to determine the

angles and the lengths of the sides. The latter are simply given by the vector

norms |v1| =
√

12 + 12 =
√
2, |v2| = |v3| = 1. As for the angles, we do not

need formula (4.6) in this case, since obviously v1 ·v2 = 0 and thus v1 ⊥ v2,

which yields a right isosceles triangle with φ31 =
π

2
and φ12 = φ23 =

π

4
·

4.4 Linear Dependence and Bases

Another issue that we barely discussed is the representation or, as they say,
expansion of vectors in a given basis. To make this point more rigorous,
we need the notion of linear dependence. A system of vectors {vi} is called
linearly dependent if there exists a vanishing linear combination of the type

n∑
i=1

αivi = 0

where at least one of the coefficients αk ∈ R (or C) is non-zero. An equivalent
definition demands one of the vectors to be expressed as a linear combination
of the others. Otherwise the system is called linearly independent4. For
example, a system of two vectors is linearly dependent if and only if they

4in short, a system {vk} for which

n∑
i=1

αivi = 0 implies αk = 0 ∀ k = 1 . . . n.
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are proportional (parallel). Adding the zero vector (the neutral element
of our vector space) to any system, obviously makes it linearly dependent.
Note that dependent systems of more than two vectors might contain linearly
independent subsystems. For example v1 and v2 might not be proportional,
but their sum equals v3, as in the example considered above. The maximal
number of linearly independent vectors within a given system {vi} is referred
to as its rank. In our example, the rank is 2 although we have three vectors in
the system. Generally speaking, the rank equals the dimension of the space
spanned by the vectors in the system and cannot exceed the dimension of the
ambient space. Thus, in the plane, which may be described with only two
independent directions ‘forth-back’ and ‘left-right’ used as coordinate axes,
the maximal possible rank is two, i.e., each vector there can be expressed
as a linear combination of two arbitrary non-parallel vectors. Similarly,
in space, the additional ‘up-down’ degree of freedom appears, so one needs
three independent directions to introduce coordinates. A system of n linearly
independent vectors is referred to as a basis of its linear span (the space of
its linear combinations). The choice of a basis is therefore equivalent to
choosing a reference frame. Needless to say, there are infinitely many bases
in each dimension and regarding some simple rules, we may go from one
basis to another. One particular choice is the standard basis in the plane

e1 =

(
1
0

)
, e2 =

(
0
1

)
⇒ v =

(
v1
v2

)
= v1 e1 + v2 e2, vi = (v, ei).

Note that here the components in the expansion (parallel projections) are
equal to the scalar products (orthogonal projections). This coincidence holds
only for orthonormal bases consisting of mutually perpendicular unit vectors.

Consider another such basis, namely a1 =
1√
2

(
1
1

)
, a2 =

1√
2

(
1
−1

)
· In

this basis we have different components of v given by ṽi = (v,ai), which

are easy to obtain explicitly in the form v =
1√
2

(
v1 + v2
v2 − v2

)
· When the

basis is arbitrary (neither normalized, nor orthogonal), one must proceed
in a different way, preferably working directly with the relations between

the two bases. For example, let v=

(
4
3

)
in the standard basis and we are

interested in obtaining its components in the basis a1=

(
2
1

)
, a2=

(
5
3

)
·

It is convenient to express first a1 = 2e1+e2 and a2 = 5e1+3e2. Then,
we want to obtain the combination v = 4e1 + 3e2 from the above two,
which are not difficult to invert into e1 = 3a1 − a2 and e2 = 2a2 − 5a1.
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Substituting the latter into the above expression for v, one finally obtains
v = 4(3a1 − a2) + 3(2a2 − 5a1) = 2a2 − 3a1, so in the new basis we have5

v=

(
−3
2

)
· One alternative approach is based on the notion of the so-called

dual bases, but we leave this discussion for the three-dimensional case.

4.5 Proportions and the Geometric Center

Here we use another famous theorem in elementary geometry due to Thales,
asserting that proportions are preserved under projection. One immediate
consequence is that if a point M(xm; ym) divides a line segment connecting
A(x0; y0) and B(x1; y1) into a given proportion, say λ : 1, then the same
relation holds for the x and y-components of the vectors A⃗B, ⃗AM and M⃗B:

|AM |
|MB|

= λ ⇒ xm − x0
x1 − xm

=
ym − y0
y1 − ym

= λ.

Ultimately, this yields for the coordinates of the point M the expressions

xm =
x0 + λx1
1 + λ

, ym =
y0 + λy1
1 + λ

(4.8)

which in particular turns into an arithmetic mean ifM is a midpoint (λ = 1).
This is the usual way to construct medians in triangles: connecting the mid-
point of a given side with the opposite vertex, say C(x2; y2). Furthermore,
as we know, the intersection point G(xg; yg) of the three medians, which is
also the geometric center of the triangle, divides each individual median in
ratio 2 : 1 from the vertex to the side, so formula (4.8) yields in this case

xg =
x2 + 2xm
1 + 2

, yg =
y2 + 2ym
1 + 2

and expressing the components of M we obtain for the geometric center

xg =
x1 + x2 + x3

3
, yg =

y1 + y2 + y3
3

· (4.9)

The latter generalizes for arbitrary polygons with N vertices as

rg =
1

N

N∑
i=1

ri (4.10)

5equality between vectors and matrices needs to be understood only in a fixed basis.
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Figure 4.3: Proportions of the human body - male and female.

so the arithmetic mean property remains. This formula is also closely con-
nected to the mechanical notion “center of masses” defined for a system of
material points6 described by radius vectors ri and individual masses mi as

rg =
1

M

N∑
i=1

miri, M =

N∑
i=1

mi. (4.11)

The coefficient λ in formula (4.8) may also be interpreted in this context as
a ratio between the two masses that determines how much closer the center
of the system is to the more massive object (this works well for binary stars).

How to bisect an angle?

We shall propose several ideas for constructing a vector, which bisects a given
angle. The first one resorts on the geometric property of vector addition:
since the vector sum is interpreted as a diagonal in the parallelogram formed
by the two summands, it suffices to re-scale those summands in such a
way that this parallelogram becomes a rhombus and has the property that
its diagonals bisect the angles at the vertices they connect. Consider the
following example. Let the angle we are interested in be determined by the
radius-vectors of the two points A(1; 0) and B(3; 4). Then, since |rA| = 1
and |rB| = 5, it suffices to multiply the first vector by 5 and then the sum

r = 5rA + rB =

(
5
0

)
+

(
3
4

)
=

(
8
4

)
∼
(
2
1

)
yields the desired vector (note that we may multiply by any convenient
factor since only the direction is relevant). More generally, we have

r = |rB| rA + |rA| rB. (4.12)
6idealized point objects with physical properties, such as mass, electric charge etc.
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Problem Session:

1. Is the affine space Rn also a vector space? Give rigorous arguments.

2. If the coordinate system {K} travels with a constant speed v in the
positive x-direction, what would be the coordinates of the point At at
t = 13 if A0(3; 2) are the ones in the initial moment t = 0?

3. A TV antenna needs to be build so that it is the same distance to the
towns A and B and twice closer to C. Assuming that the coordinates
of A, B and C on the map form an acute triangle, can you write an
exact expression for the antenna’s location and is the solution unique?

4. A triangle has vertices A(4; 0), B(3;
√
3) and the origin O(0; 0).

a) What are the angles and the area of this triangle?

b) Calculate the distance form the geometric center of △ABO to
the reflection of B with respect to the axis Oy.

c) Find the vector, which bisects ]AOB.

5. Consider the polygon formed by the roots zk of the equation z
5+1 = 0.

a) Find the vectors bisecting each of the vertex angles. Would it
have been easier or harder to consider z6+1=0 instead?

b) Find the center of masses, if the individual mass of zk is defined
by mk = αk where α > 0 is a real parameter.

6. Given two points A(1; 3) and B(2;−1) find the coordinates of a point
M , which divides the line segment AB into the “golden ratio”, i.e.,

|AM | : |MB| = |MB| : |AB|.

7. Can you think of a way to trisect an angle ϑ between two vectors given
with their components? Thy to reason your construction thoroughly
and extend it to dividing the angle ϑ into any number of equal parts.

8. Which projections yield the coordinates vi of the vector v in the ex-
pansion v = v1a1 + v2a2 in {ak}, the parallel or the orthogonal ones?

9. If the vector v is represented in the standard basis {ek} by the matrix(
3
−1

)
, find its components in the basis {ak} given by the vectors

a1 =

(
1
2

)
and a2 =

(
2
−1

)
in {ek}. Hint: you may use that a1⊥ a2.



Chapter 5

Lines in the Plane

Let us recall that points in the plane may be represented with their carte-
sian coordinates, e.g. A(x0; y0) and B(x1; y1), or equivalently, with their

radius-vectors r0 =

(
x0
y0

)
and r1 =

(
x1
y1

)
· Since there is a one-to-one cor-

respondence between these two descriptions, sometimes we write points, but
use the vector formalism for convenience. Moreover, we denote A⃗B = r1−r0
the free vector pointing from A to B and similarly B⃗A = r0 − r1 the one
from B to A. Similarly, with three points A, B and C, we easily construct
the direction vectors along the sides of the triangle △ABC. This certainly
works for any polygon, but how do we generalize to an infinite number of
points? In the generic case we need some tools in the arsenal of calculus,
but simpler shapes such as straight lines, ellipses, hyperbolae and parabolas
are perfectly within the reach of algebra. Let us begin with the former case.

5.1 General and Parametric Equations of a Line

Wemay describe a straight line in the plane in several ways - one of them is to
fix a point A(x0; y0) ∈ R2 and a direction vector t. Then, we may introduce
a real parameter λ ∈ R the obtain the (vector) parametric equation of the
line g passing though the point A and oriented along t as

r = r0 + λt, λ ∈ R (5.1)

where r =

(
x
y

)
represents the radius-vector of a generic point on the

line, i.e., all points on g are obtained in this way for different values of the
parameter λ. One easy way to explain this in geometric terms is that the
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vector difference of any pair of radius-vectors of points on the line is always
proportional to the direction vector t (with coefficient of proportionality λ)

r− r0 = λt.

Writing (5.1) in components we obtain the scalar parametric equations of g:

x = x0 + λt1
(5.2)

y = y0 + λt2.

Furthermore, one may isolate the parameter λ from the two equations and
thus obtain an alternative representation of the form

x− x0
t1

=
y − y0
t2

(5.3)

which no longer contains a free parameter, but rather, imposes one linear
constraint on the two variables x and y. Suppose that instead of the direction
vector t we are given a pair of points A(x0; y0) and B(x1; y1) contained in
the line. Then, the direction vector may be obtained as the vector difference
r1 − r0, as already explained. Hence, the above equation may be written as

x− x0
x1 − x0

=
y − y0
y1 − y0

(5.4)

which is broadly known as the equation of a line through a pair of points.
Another possibility is to be given a point A(x0; y0) ∈ g and a normal vector
n ⊥ g. Then, instead of (5.1) one has n · (r− r0) = 0, or in components

n1(x− x0) + n2(y − y0) = 0 (5.5)

which may be referred to as the general equation of a line (see Figure 5.1).
Usually in literature one finds under this name the following equation

ax+ by + c = 0 (5.6)

where the constants a, b and c now have perfectly transparent geometric
interpretation - the first two, a = n1 and b = n2, are just the components of
the normal vector, while the third one is given by the scalar product

c = −n · r0 = −n1x0 − n2y0.

This interpretation allows for directly identifying the normal direction form
the coefficients in front of x and y in the generic equation, just as the para-
metric equation reveals the direction vector from the coefficients in front of
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the parameter λ in formula (5.1). These three situations appear in many
practical problems in geometry, physics and engineering. For example, the
bisectrix has a realization as a line passing through a point and having a
prescribed direction. Similarly, the median is most naturally defined as a
line through a pair of points, while the height is usually determined by an
incident point and a normal direction. Note that the direction and normal
vectors are in a natural one-to-one correspondence (only in dimension two!).

Namely, let t =

(
t1
t2

)
be the direction vector of the line g, then its normal

may be written as n =

(
t2
−t1

)
· Given a vector in R2, one can always obtain

its normal direction by swapping its components and changing one of the
signs. The proof relies on the fact that the vanishing dot product is necessary
and sufficient (so it may be considered as a definition) for orthogonality.

Incidence of Points and Lines

Two distinct points in the plane A ̸= B, or in higher-dimensional Euclidean
space, determine a free vector A⃗B = r1 − r0 and by formula (5.4), a unique
line g ∋ A,B containing them. The (shortest) distance between A and B is
measured along the line g and given by the famous Pythagoras’ theorem as

d(A,B) = |r1 − r0| =
√

(x1 − x0)2 + (y1 − y0)2. (5.7)

Two lines may either coincide g1 ≡ g2 ⇔ g1 ∩ g2 = g1 or differ g1 ̸= g2
and in the latter case there are two options: they either intersect at a point
Ã(x̃; ỹ) = g1 ∩ g2, or are parallel, i.e., with no common points g1 ∥ g2 ⇔
g1 ∩ g2 = ∅. To make a clear distinction between these cases, we consider
some examples. Let gi : aix+ biy+ ci = 0, i = 1, 2 be the general equations
of the two lines. Then, if all the coefficients are proportional, the lines
obviously coincide (equivalent equations determine equivalent loci). If, on
the other hand, a1 = λa2 and b1 = λb2, but c1 ̸= λc2 for some λ ∈ R/{0},
then the system is inconsistent and the lines are parallel1. Finally, if the
normal vectors are not parallel, the lines intersect as the system has a unique
solution - point C = g1 ∩ g2. Formulate the above criteria for all three
cases in terms of the parametric equation! Let us now discuss the incidence
relations involving both points and lines. To start with, a point is said to
belong to line A ∈ g if its coordinates satisfy the equation of g. In this case,
we also say that g contains or passes through A. Otherwise, according to

1the angle between two lines is equal to the angle between their normal vectors.
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Euclid’s axioms of geometry, there exists a unique line h, which contains
A and is parallel to g. Obtaining its equation is actually quite easy: we
only need the normal vector of g and the coordinates of A in formula (5.5).
Similarly, one may build the unique normal from A to g by using n⊥ instead.

Now, let us consider a second technique for constructing a bisectrix that is
a bit less direct, but still finds applications in practice. Namely, one may
choose to make use of the well-known property that the intersection point
L of a bisectrix from a vertex C with the opposite side AB divides the
latter into the same proportion that relates the lengths of the two adjacent

sides, i.e., the coordinates of L are given by formula (4.8) with λ =
|CA|
|CB|

·.

Consider an example, in which A(3; 4), B(2; 1) and C(−1; 1) are the three
vertices, so we easily obtain the direction vectors along the sides of △ABC

c⃗ = A⃗B = −
(
1
3

)
, a⃗ = B⃗C = −

(
3
0

)
, b⃗ = A⃗C = −

(
4
3

)
as well as their lengths |AB| =

√
10, |BC| = 3 and |AC| = 5, thus λ = 5/3·

Then, with the aid of formula (4.8) we obtain the coordinates of L
(
19
8 ;

17
8

)
and write the equation of the line ℓ through C and L according to (5.4) as

x+ 1
19
8 + 1

=
y − 1
17
8 − 1

⇒ ℓ : x− 3y + 4 = 0.

Let us see whether we would get the same result using the method based
on re-scaling and vector sum (property of the diagonals in the rhombus).
Firstly, we need to make C⃗A and C⃗B equal in magnitude2 so that they
form a rhombus, whose diagonal (the vector sum of the re-scaled sides)
determines the direction of the bisectrix. Thus, in the sum we multiply each
of the vectors with the length of the other, which yields

ℓ⃗ ∼ |CA| C⃗B + |CB| C⃗A = 5

(
3
0

)
+ 3

(
4
3

)
= 9

(
3
1

)
·

Then, we may easily construct the general equation of ℓ having the normal

direction n =

(
1
−3

)
⊥ ℓ⃗ that gives the coefficients in front of x and y, and

the coordinates of the point C(−1; 1), whose radius-vector’s dot product
with n yields minus the free term. Thus, we finally obtain ℓ : x−3y+4 = 0
that is identical to the above result.

2as they are attached to a common vertex C we may use directly formula (4.12).
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5.2 Normal Equations and Distances

As we may see from equations (5.1) and (5.5), both the directional and
the normal vectors are determined only up to a non-zero factor (coefficient
of proportionality). One may factor out this freedom (at least partially)
via normalization. In particular, if we denote n◦ the unit normal in the n

direction, there are only two possibilities n◦
± = ± n

|n|
, which differ only in

their orientation. Now, let us use this normalized vector in (5.5) and write

g : (r− r0) · n◦
± = 0 ⇒ ±ax+ by + c√

a2 + b2
= 0 (5.8)

which is referred to as the normal equation of the line g. It seems that the
effort of multiplying an equation by a non-zero factor must go in vain, but
actually, it turns out to be rather useful as will become apparent shortly.
Consider the following application: finding the shortest distance d(B, g)
between a point B(x1; y1) and a line g : (r− r0) · n = 0. Firstly, it is clear
that the shortest of all possible distances r1 − r, written for a generic point
with radius-vector r (r1 being the radius-vector of B), is the one along the
normal direction n. Equivalently, one may project each of these vectors, and
in particular r1− r0, since all projections are equal and as we already know,
given by a dot product with the unit normal in the so chosen direction,
which is exactly n◦. On the other hand, this unit normal has two possible
directions denoted by n◦

±. One of them makes an acute angle with r1 − r0
and the other - obtuse. Thus, in order to guarantee non-negative distance,
we may simply take the absolute value of this dot product, finally obtaining

d(B, g) = |(r1 − r0) · n◦| (5.9)

so the distance between the point and the line is obtained (up to a sign)
by substituting the coordinates of the point into the normal equation of the
line. One standard application is to obtain the equation of the bisectrix of an
angle determined by the intersection of two lines. Let gi : aix+biy+ci = 0,
i = 1, 2 be the general equations of the two lines. Then, the bisectrix may
be defined also as the locus of points at equal distance from the two lines,
as we know for elementary geometry. But this condition can be written as

a1x+ b1y + c√
a21 + b21

= ±a2x+ b2y + c√
a22 + b22

(5.10)

where the ± sing is due to the modulus in equation (5.9) and comes to show
that there are actually two bisectrices, which makes perfect sense since there
are in fact two complementary angles determined by the intersection g1∩ g2.
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Figure 5.1: General equation of a line (on the left) and distance from a point P
to a line (on the right).

5.3 The Slope-Intercept Equation

There are several more representations of straight lines in R2. For example,
one may use the so-called intercept-intercept equation

x

a′
+
y

b′
= 1 (5.11)

where the constants a′ and b′ are interpreted as points at which g intersects
the x and y-axes, respectively. This is easy to see by setting respectively
x = 0 and y = 0 in (5.11). Another useful representation is given by the
slope-intercept equation

y = kx+ n (5.12)

where the slope k can be expressed in terms of the angle α between g and
the x-axis as k = tanα, while n is the intersection point with the latter.

Note that the slope k is ill-defined for vertical lines so we have α ̸= ±π
2
· In

all other cases it is convenient to introduce the so-called relative slopes kij .
Namely, let us consider a pair of (non-vertical) lines gi : kix + ni, i = 1, 2
and denote the angle between them by αij = αj − αi. Then, due to basic
trigonometric identities, for the relative slope kij = tanαij we have3

kij =
kj − ki
1 + kikj

· (5.13)

This formula has many applications, e.g., it may be used it for an alternative
construction of the bisectrix. Let g12 be the two intersecting lines and g3
denote the bisectrix of the angle α12 between them. Then, by definition we

3note that kij = −kji, so orientation here is crucial.
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have α13 = α32, which yields for the relative slopes k13 = k32 and via formula
(5.13) we easily obtain the quadratic equation for the unknown slope κ = k3

(k1 + k2)κ
2 + 2(1− k1k2)κ− (k1 + k2) = 0. (5.14)

The obvious solution

κ± =
k1k2 − 1±

√
(1 + k21)(1 + k22)

k1 + k2
(5.15)

yields

α± = arctan [− cot(α1 + α2)± csc(α1 + α2)]

so ultimately, we may write for the unknown angle α = α3

α+ =
α1 + α2

2
, α− =

π + α1 + α2

2
· (5.16)

Note that although this time we chose only one of the two complementary
angles determined by the intersection of g1 and g2, the solutions to the
quadratic equation automatically generate both bisectrices. It is not hard
to see that α+

3 corresponds to the so chosen angle, and α−
3 to its complement.

Furthermore, the coefficients n±3 are easy to obtain from the necessity that
g1, g2 and g3 intersect at one and the same point Ã(x̃, ỹ), namely as

n± = ỹ − κ±x̃.

We conclude this section with a brief comment on the equation of a line
through a pair of points A(x0; y0) and B(x1; y1). First of all, let us note
that the latter may be obtained as a vanishing condition of the determinant

g :

∣∣∣∣ x− x0 y − y0
x1 − x0 y1 − y0

∣∣∣∣ = 0. (5.17)

On the other hand, the above determinant can be written also in the form
of a wedge product (r − r0) ∧ (r1 − r0) = 0, which is equal to the area
of the parallelogram spanned by the vectors r − r0 and r − r0, i.e., twice
that of the triangle ∆ABC, with C(x; y). Therefore, the equation of a line
can be derived from the vanishing of certain area element. This idea has a
straightforward generalization to the three dimensional case as shown below.



54 CHAPTER 5. LINES IN THE PLANE

Problem Session

1. In the right isosceles triangle ABC we are given the coordinates of the
vertex C(4;−1) and the equation of the hypothenuse: 3x− y+ 5 = 0.
Find the coordinates of the other two vertices.

2. In ∆ABC we know the coordinates of two of the vertices A(−4; 3),
B(4;−1) and the intersections point of the heights ha a hb = H(3; 3).
Find the vertex C, the median mc from it and the distance d(H,mc).

3. With the point A(3; 0) and the line g : y = x + 12 build an isosceles
triangle ∆ABC with base BC ∈ g for which the vertex C also lies on
the y-axis. Write the equation of the circumscribed circle.

4. With the points A(3; 0), B(0; 5) and the line g : 2x+y = 0 find a point
C ∈ g such that ∆ABC is a right triangle with the right angle at the
vertex B. Write the equation of the circumscribed circle of ∆AOB,
where O(0; 0) is the origin.



Chapter 6

Matrices and Determinants

In this chapter we introduce the basic tool of linear algebra, matrices (as
higher dimensional vectors, which allow for addition and multiplication)
and thus, gradually build their algebra. The non-commutative matrix al-
gebra has many applications in geometry, some of which we discuss below.
Apart from that, it is a crucial tool in both fundamental and engineering
disciplines, such as quantum mechanics, probability theory, game theory,
optimal control, numerical methods and programming.

6.1 The Matrix Algebra

A rectangular table of elements of the type

A =


a11 a12 . . . a1n
a21 . . . a2n
. . . aij . . .

am1 am2 . . . amn

 (6.1)

ordered in m rows and n columns is called a matrix with dimensions m×n.
As can be seen above, the first index denotes the row and the second one
- the column, so the matrix entry aij fills the cell at the i-th row and j-th
column. These entries may be numbers, functions or any kind of retrievable
data. In most of our considerations, however, we assume that aij ∈ C.

Instead of (6.1), we make use of the brief notation

Am×n ↔ {aij}

55
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and show that matrices of the same dimension constitute a vector space with

1. Given two matrices Am×n ↔ {aij} and Bm×n ↔ {bij}, their sum is a
matrix Cm×n ↔ {cij} of the same dimension with entries given by

cij = aij + bij

2. Multiplication with a scalar λ ∈ C also yields a matrix with entries

λAm×n ↔ {λaij}.

Note that this is a straightforward generalization of the linear laws for vec-
tors introduced above. In this context, it seems reasonable to view matrices
as ordered systems of vector-rows or vector-columns, respectively. Such un-
derstanding justifies also the way we define multiplication of two matrices.
Among the many possibilities to do that, people have chosen to work with
the so-called row-by-column rule. It consist of the following: the first matrix
factor A is considered as a system of vector-rows and the second one B, as
a system of vector-columns. Then, the entries of the product C = AB are
given by all the possible dot products between the vectors in the first system
with those of the second one. The ordering of the rows is given by the fist
factor and that of columns - from the second one, namely

Am×nBn×k = Cm×k ↔ {cij}, cij =
n∑
l=1

ailblj . (6.2)

Note that these dot products demands that vectors from the two systems
have equal dimensions, i.e., the number of columns of the first matrix to be
equal to the number of rows of the second one. Then, the common middle
index is factored out in the summation process and the dimension of the
product is determined by what is left. Consider the following

Example: Let A =

(
4 5
0 7

)
and B =

(
3 2 1
2 1 3

)
· Then, according to formula

(6.2), the matrix product AB is given by(
4 5
0 7

)(
3 2 1
2 1 3

)
=

(
4×3+5×2 4×2+5×1 4×1+5×3
0×3+7×2 0×2+7×1 0×1+7×3

)
=

(
22 13 19
14 7 21

)
·

If we attempt to multiply these matrices in the reverse order, however, the
corresponding dimensions would not agree, so unlike AB, the expression BA
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does not make any sense. This property of the matrix algebra, namely that
AB ̸= BA, known as non-commutativity1 has no analogue in the familiar
number algebras. Note that the algebra of matrices thus constructed satisfies

• the commutative law of summation A+B = B +A

• the associative law of both summation and multiplication

A+ (B + C) = (A+B) + C, A(BC) = (AB)C

• the distributive laws A(B+C) = AB+AC and (A+B)C = AC+BC.

However, it fails to satisfy the commutative law of multiplication - in the
generic case we have AB ̸= BA and as the above example clearly indicates,
the two products are not necessarily simultaneously well-defined.

Special Types of Matrices

The whole algebra of matrices is something vast and it is convenient to
consider only certain subalgebras, i.e., subspaces that are closed under sum-
mation and multiplication. Note that the two operations impose different
restrictions on the matrix dimensions, which can be satisfied simultaneously
only if the number of rows and columns are equal, i.e., if we consider matri-
ces of the type An×n, referred to as square matrices. Clearly, both the sums
and products of square matrices of the same dimension are well-defined.
Moreover, one may consider powers of the same matrix in this class, such as
A2 = AA, A3 = AAA and so on. Then, since AB and BA both exist, one
may also define the binary operation

[A,B] = AB −BA (6.3)

known as the commutator of two square matrices, which measures how far
from commuting the latter are. This peculiar type of skew-symmetric prod-
uct defines a different algebraic structure over the linear space of matrices,
known as Lie algebra, which lies in the foundation of modern theoretical
physics. There are two more subalgebras imbedded in the algebra of square
matrices, namely the upper-triangular and lower-triangular matrices, de-
fined as An×n ↔ {aij}, aij ≡ 0 for i > j and Bn×n ↔ {bij} with bij ≡ 0
for i < j, respectively. In other words, these are matrices with only zero en-
tries respectively below or above the main diagonal, i.e., the set {aii}. The

1in particular, the existence of AB does not imply the existence of BA and vice versa.
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intersection of these two subalgebras again determines a subalgebra - con-
sisting of all diagonal matrices, for which aij ≡ 0 for i ̸= j (prove that these
are all indeed subalgebras!). A specific case to consider is the class of the
so-called scalar matrices, which are diagonal with all diagonal entries being
equal aii = λ ∈ C. They also form a subalgebra, which is commutative:
this is actually the algebra of the complex numbers in a matrix representa-
tion. Moreover, they commute with all other square matrices of the same
dimension, since they act as a multiplication with the scalar factor λ. One
particular choice is λ = 0, which yields the zero (or null) matrix 0 with the
property A+0 = A for arbitrary matrix A of the same dimension. Similarly,
for λ = 1 we obtain the identity matrix I, for which AI = IA = A etc.

Transposition and Conjugation

We may introduce additional operations in the algebra of matrices. One
that is particularly useful is the so-called transposition t : A → At, which
turns rows to columns and vice versa. The transposed matrix has entries
atij = aji. Here are some properties of matrix transposition:

• It is linear, meaning that

(A+B)t = At +Bt, (λA)t = λAt (6.4)

• It is idempotent, i.e.,
(At)t = A (6.5)

• It reverses the order of multiplication

(AB)t = BtAt (6.6)

The above make transposition a linear anti-involution of the matrix algebra.

In our previous example we easily obtain At =

(
4 0
5 7

)
and Bt =

 3 2
2 1
1 3

,

which allows for calculating also BtAt =

 3 2
2 1
1 3

( 4 0
5 7

)
=

 22 14
13 7
19 21

 and

comparing it to the previously obtained result for AB, we notice (6.6) holds,
i.e., the matrix transposition changes the order of multiplication, which may
be derived directly from (6.2) and holds for an arbitrary number of factors.
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Another operation with similar properties is the so-called hermitian con-
jugation † : A → A† = Āt, which consists of transposition and complex
conjugation. Clearly, if all entries are real A† = At. Such a generalization
is useful for the definition of real scalar product for complex-valued vectors.
This construction, known as hermitian form, is given as

⟨u,v⟩ = u†v, u,v ∈ Cn. (6.7)

Note that we defined the dot and wedge products in R2 as real and imag-
inary parts of the hermitian form in C1. Can you think of an example in C2?

In the case of square matrices, transposition acts as a reflection about the
main diagonal. Naturally, there are symmetric matrices, which are preserved
by this reflection, i.e., have the property At = A, although they do not con-
stitute a subalgebra under summation and multiplication2. Similarly, in the
complex case we consider the class of hermitian matrices with the property
A† = A. One may, on the other hand, define the class of skew-symmetric
matrices satisfying the property At = −A, i.e., aij = −aji, which means
that all diagonal elements must vanish aii ≡ 0. On the other hand, each
skew-hermitian matrix, defined by the property A† = −A can be decom-
posed into a sum of a real skew-symmetric matrix and a purely imaginary
symmetric one (prove this!). Moreover, we have the following

Theorem 5 Every square matrix A has the representation A = A0 + A1,
where A†

0 = A0 and A†
1 = −A1.

Proof. Define the hermitian part as A0 =
1

2
(A+A†) and and the skew-

hermitian as A0 =
1

2
(A+A†), respectively. Restriction to the real case gives

Corollary 2 Every square matrix may be decomposed into a sum of a sym-
metric and a skew-symmetric component: A = A0 +A1, A

t
k = (−1)kAk.

Consider the example of 2×2 skew-hermitian matrices, spanned by the basis

i =

(
i 0
0 −i

)
, j =

(
0 1
−1 0

)
, k =

(
0 i
i 0

)
(6.8)

and show that ij = k, jk = i and ki = j. Besides, these matrices anti-
commute, e.g. ij = −ji, and they are all square roots minus one, i.e.,

2however, they do if the latter is replaced by the anti-commutator {A,B} = AB+BA.
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i2 = j2 = k2 = −I, where I =

(
1 0
0 1

)
stands for the 2× 2 identity matrix.

In this sense, the above basis, extended with the identity matrix I allows for
a natural generalization of complex numbers, known as quaternions. More
precisely, a quaternion is a “number” with four components

q = q0I + q1i+ q2j+ q3k, qµ ∈ R

where q0 is called a real part of q, while the imaginary one is the whole vector
q = (q1, q2, q3)

t, which changes its sign under (hermitian) conjugation

q = (q0,q)→ q̄ = (q0,−q).

In particular, the algebra of complex numbers can be realized as real 2× 2
matrices of the type Z = xI + y j (the multiplication rule is the same).
Quaternions, usually denoted by H, can be obtained from C in the same
way C = R ⊕ jR is obtained as an extension of R, namely H = C ⊕ jC.
They are associative but non-commutative and thus, constitute a a more
general object, which is not a field (the largest number field is C). However,
they are commonly used in the context of three dimensional rotations and
their complex generalization, the bi-quaternions (corresponding to qµ ∈ R),
in special relativity, electrodynamics and various other fields. We also have
dual quaternions, whose coefficients are dual numbers, or split quaternions,
for which some matrices in the above basis become hermitian. All those
objects find many applications in various areas of science and technology:
from classical and quantum mechanics to virtual reality and computer vi-
sion. They also present simple examples of Clifford geometric algebras,
which have proven to provide a more efficient description of the physical
reality compared to the classical approach.

Note also that matrices find application in practically any field which deals
with data (that is any field, which allows for measurement). For example,
we may use them in modeling stochastic processes with conditional proba-
bilities: aij denotes the probability that the event i takes place under the
condition j. Matrix multiplication then yields the correct overall proba-
bilities for compound processes, e.g., repetitive experiments. Similarly, aij
may be interpreted as transition coefficients and the entries of the squared
matrix - as the corresponding coefficients for two-step transitions, A3 yields
the three-step transitions and so on. Then, it is no wonder that matrices are
being constantly used in all kinds of simulations and optimization problems.
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Problem Session

1. Obtain an expression for An for the square matrix

a) A =

(
0−1
1 0

)
, A =

(
cosϕ− sinϕ
sinϕ cosϕ

)

b) A =

 2 1 0
0 1 0
0 0 2

 , A =


0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0


2. Calculate all the commutators of the matrices (6.8) and show the are

all square roots of the identity matrix.

3. Find all matrices that commute with A =

(
1 2
3 4

)
·

4. Show that each hermitian matrix may be decomposed into a sum of a
real symmetric matrix and a purely imaginary skew-symmetric one.

5. Is it true that for each square matrix A, the products AAt and AtA
are symmetric? Similarly, are AA† and A†A always hermitian? Can
you construct skew-symmetric/skew-hermitian matrices in this way?

6. Show that each strictly upper(lower)-triangular matrix 3 is nilpotent,
i.e., Am = 0 for some m ∈ N. Can you find the value of the order m?

7. Prove that for every matrix A the product ⟨A,A⟩ = AtA is a well-
defined square and symmetric matrix with the property

⟨A+B,A+B⟩ = ⟨A,A⟩+ ⟨A,B⟩+ ⟨B,A⟩+ ⟨B,B⟩.

What is the geometric interpretation of its coefficients?

8. Show the transitivity of the vanishing commutator, i.e., [A,B]=0, [B,C]=
0 ⇒ [A,C] = 0 and prove the Jacobi identity

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0.

3i.e., such that aij ≡ 0 for i ≥ j and i ≤ j, respectively.
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6.2 Determinants

To each square matrix we may associate a homogenous polynomial of its
entries called a determinant, which turns out to be quite useful both in
algebraic considerations, e.g. for the solutions of systems of linear equations,
as well as in geometry - for the calculation of volumes, areas and distances.

Determinants of 2× 2 and 3× 3 Matrices

We define the determinant of a 2× 2 matrix to be

det

(
a b
c d

)
=

∣∣∣∣ a bc d
∣∣∣∣ = ad− bc. (6.9)

When we introduced vectors in the plane, we also defined the wedge product
and showed that it is equal to the oriented area of the parallelogram, spanned
by u and v. This area may now be given by a determinant

u ∧ v =

∣∣∣∣ u1 v1u2 v2

∣∣∣∣
which is generalized to arbitrary dimension n with the so-called volume form,
given by an n×n determinant, which is an anti-symmetrized sum of n! terms
(all possible permutations), each consisting of n factors (one from each row
and column). Moreover, this construction shares some common properties
visible form the two-dimensional case:

• detA = detAt, so properties for rows refer to columns and vice versa.

• detAB = detAdetB, but note that det(A+B) ̸= detA+ detB.

• det (λA) = λn detA for λ ∈ C and in particular, a common factor can
be taken out from each row/column in front of the determinant sign.

• Switching two successive rows/columns changes only the sign of detA.
Thus, moving the i-th row to the j-th position yields a factor (−1)i−j .

• A determinant with a zero row/column, or more generally, with lin-
early dependent rows/columns, is always zero.

• If A is (upper or lower) triangular, then one has detA = a11a22 . . . ann.

• Similar matrices have equal determinants: A ∼ A′ ⇒ detA = detA′.
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The notion of similarity here should be understood in a very specific man-
ner. Namely, it demands that each vector-row a′k of A′ can be obtained
if one adds to the corresponding vector-row ak of A some linear combina-
tion of the remaining vector-rows aj (j ̸= k). We use this idea below to
transform higher-dimensional matrices into triangular form an thus, express
their determinants simply as products of the corresponding diagonal entries.

Following a similar approach in the 3× 3 case, we obtain the expression∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣ = a11a22a33 + a12a23a31 + a13a21a32

−a13a22a31 − a12a21a33 − a11a23a32.

Note that the first indices in the three factors of each term are ordered
(fixed to 1, 2 and 3), while the second ones exhaust all the even and odd
permutations with positive and negative sign, respectively. This technique
applies to any dimension, while the Saros and triangle rules, used to depict
the way a determinant is obtained, works only for 3×3 matrices. The number
of summands, however, increases rapidly with n, e.g., 4! = 24, 5! = 120 etc.,
hence we need other methods to calculate higher-dimensional determinants.

Higher-Dimensional Determinants

One standard way of calculating determinants in arbitrary dimension is
based on the property that for triangular matrices the only non-zero term
in the corresponding expression is the product of all diagonal elements, i.e.,

if A = {aij} and aij ≡ 0 for i > j (or i < j), then detA =
n∏
i=1

aii.

We may also use the fact that each elementary transposition (exchange of
two succeeding rows or columns) changes the sign of the determinant. Thus,
it the i-th row (or column) should go to the place of the j-th one, the deter-
minant is multiplied by a factor (−1)i−j . Consider the following example:∣∣∣∣∣∣

0 0 3
0 2 1
1 2 3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
0 2 1
1 2 3
0 0 3

∣∣∣∣∣∣ = −
∣∣∣∣∣∣
1 2 3
0 2 1
0 0 3

∣∣∣∣∣∣ = −3 ! = −6
where the first transformation does not change the sign as it consists of two
elementary transpositions, while the second one does for obvious reasons.
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Now, we go a little farther and claim that the determinant is preserved
under similarity transformations, which in this context means that we are
free to add to each row linear combinations of the remaining rows. This
certainly holds for columns too, but we are not allowed to manipulate both
simultaneously. It is convenient to think of the determinant as representing
an ordered system of vectors {a1,a2, . . .an}, which undergoes an equivalence
transformation of the form

ai → a′i = ai +
∑
j ̸=i

αj aj

that preserves the value of the determinant. This technique is used to trans-
form numerical matrices into triangular form and thus obtain their deter-
minants. We may consider one more example to illustrate this, namely∣∣∣∣∣∣∣∣
1 4 3 2
2 1 4 3
3 2 1 4
4 3 2 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
1 4 3 2
0 −7 −2 −1
0 −3 −6 −1
0 1 −6 −5

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
1 4 3 2
0 0 4 −4
0 0 −24 −16
0 1 −6 −5

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
1 4 3 2
0 1 −6 −5
0 0 4 −4
0 0 0 −40

∣∣∣∣∣∣∣∣ = −160.
Now, let us explain this result denoting ak the k-th vector-row of the deter-
minant. To begin with, we want to eliminate the first components of all ak
except a1. We have chosen to do so by the transformation a′2 = a2 − 2a1,
a′3 = a3−a1−a2 and a′4 = a4−2a2. On each successive step we preserve one
more of the transformed vectors and use it to eliminate the first non-zero
component of the remaining ones. In this particular case it is convenient
to work with a′4 as it begins with the number 1 (any other choice involves
fractions), so the next step yields a′′2 = a′2 − a′3 + a′4 and a′′3 = a′3 + 3a′4.
Finally, we set a′′′3 = a′′3 + 6a′′2 and put the fourth row in the place of the
second one (which preserves the sign) to obtain a triangular determinant.

In the attempt to extend the low-dimensional cases while satisfying the all
properties postulated above, one comes to an expression for the determinant
of a matrix A with entries {aij} in the form

detA =
∑

i1,i2,...in

(−1)[i1,i2,...in]a1i1a2i2 . . . anin (6.10)

where the sum is taken over all permutations of the non-repeating indices
i1, i2, . . . in and the sign is determined by the parity of the particular permu-
tation, i.e., whether the number of elementary transpositions [i1, i2, . . . in]
needed to obtain from it the trivial permutation 1, 2, . . . n is even or odd.
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Since repetitions are forbidden, in each term we have representatives from
every row and column, but never from the same row or column. There-
fore, the determinant may also be expressed as a linear combination of the
elements of one fixed row or column, respectively

detA =

n∑
j=1

Aijaij =

n∑
i=1

Aijaij . (6.11)

The coefficients Aij in these expansions are called co-factors of the entries
aij and their explicit calculation is reduced to lower order determinants,
also referred to as minors. In particular, all minors of order n − 1 may
be labeled by two indices, say ∆n−1

ij denoting that this sub-determinant is
obtained from detA by deleting namely the i-th row and the j-th column.
The co-factor Aij is then equal to this minor, up to a sign. More precisely,

Aij = (−1)i+j∆n−1
ij . (6.12)

Before we proceed with more examples, let us note that these two iter-
ative procedures for calculating higher order determinants differ in many
aspects. First of all, the one using triangular matrices is surely more effi-
cient in terms of computational operations and thus, preferred in numerical
algorithms. However, it cannot cope with symbolic expressions, as it uses
numerical values explicitly. This difference persists in the context of linear
matrix equations and we devote the following example to its clarification.

Example: Let us consider this time a parameter-dependent determinant

∆(x) =

∣∣∣∣∣∣∣∣
x 0 1 1−x2
0 1−x2 x 1

1+x2 −x 1 0
1 x 0 −x

∣∣∣∣∣∣∣∣ ·
We may simplify a little, performing the transformations a′1 = a1−xa4 and
a′3 = a3 − a4 − xa1, that yield the equivalent expression

∆(x) =

∣∣∣∣∣∣∣∣
0 −x2 1 1
0 1−x2 x 1
0 −2x 1−x x3

1 x 0 −x

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
x2 1 1

x2−1 x 1
2x 1−x x3

∣∣∣∣∣∣
where we expand over the first column since we only have one non-zero entry
there, which reduces the above to a single 3× 3 determinant. Furthermore,
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we may eliminate more terms, for example by adding the first row, multiplied
by −1 to the second one and by −x3 the third one, thus obtaining

∆(x) =

∣∣∣∣∣∣
x2 1 1
−1 x− 1 0

2x−x5 1−x−x3 0

∣∣∣∣∣∣ = x6 − x5 + x3 − 2x2 + x− 1

expanding this time over the third column, which finally yields a 2 × 2
determinant. Note that we may not transform ∆(x) into a triangular form
as before, since in order to do that, at some point we would have to divide
by an expression depending on x, and since x is unknown, this expression
might be zero.

Problem Session

1. The n× n Vandermonde determinant is defined as

V (x1, x2, . . . xn) =

∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
x1 x2 . . . xn
x21 x22 . . . x2n
. . .

xn−1
1 xn−1

2 . . . xn−1
n

∣∣∣∣∣∣∣∣∣∣
·

Use induction to prove that V (x1, x2, . . . xn) =
∏
i>j

(xi − xj). Calculate

V (z1, z2, z3, z4), where zk are the complex roots of the equation z4 = 1.

2. Calculate the determinants

∣∣∣∣∣∣
1 cosφ cosψ

cosφ 1 cos(φ+ ψ)
cosψ cos(φ+ ψ) 1

∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣∣∣∣

1 x x2 . . . xn−1

xn−1 1 x . . . xn−2

xn−2 xn−1 1 . . . xn−3

. . .
x x2 x3 . . . 1

∣∣∣∣∣∣∣∣∣∣
·

3. There are known to exist nilpotent matrices of order n ∈ N satisfying
An = 0 with A ̸= 0. Is there similarly a matrix A with detA ̸= 0 and
detAn = 0 for some n?

4. Solve the equation

∣∣∣∣∣∣∣∣
1 x x2 x3

x3 x2 x 1
1 2x 3x2 4x3

4x3 3x2 2x 1

∣∣∣∣∣∣∣∣ = 0.
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6.3 The Inverse Matrix

Up to this point we presented the algebra of square matrices as a linear
space with an additional operation: matrix multiplication. For the applica-
tions it is often important to know (if possible) how to invert this operation,
i.e., divide. For example, it order to solve a simple matrix equation of the
form AX = B, we need such an inversion procedure. Since multiplication
is non-commutative, we expect the same for division and it is best to view
it as a multiplication with A−1, referred to as the inverse matrix of A. In
particular, we may have left and right pseudo-inverses, satisfying respec-
tively A−1

L A = I and AA−1
R = I, which are different in the generic case.

However, for square matrices they coincide and we are going to restrict our
considerations mostly to this case, in which we have for its inverse

AA−1 = A−1A = I (6.13)

and in particular, I−1 = I (are there other matrices with this property?). It
is natural to ask if all matrices are invertible, i.e., does the equation AX = B
always have a solution. The answer is negative as we are going to show in a
while - it turns out that A−1 exists if and only if A is regular, also referred
to as non-singular4, meaning simply that detA ̸= 0. Actually, that is one
of the two main reasons to consider determinants in the first place.

Let us recall the row/column expansion (6.11) and point out that if we sum
the elements of a given row/column with the co-factors of another one, this
corresponds to a determinant with two equal rows/columns (explain why!).
This vanishing expression is called a fake expansion and we may include it
in formula (6.11), which now adopts the more general form

n∑
j=1

Aijakj = δik detA,

n∑
i=1

Aijaik = δjk detA (6.14)

where δij is the Kronecker symbol defined as δii = 1 and δij = 0 for i ̸= j.
Note that δij are exactly the components of the identity matrix I → {δij}, so
if we interpret (6.14) as a matrix multiplication, it may be the key to finding
the inverse matrix according to the definition (6.13). The only problem is
that summation should be taken over the middle indices as formula (6.2)
determines. To overcome this, we may transpose the matrix consisting of all
co-factors, thus obtaining what is usually referred to as the adjoint matrix

A∗ : (A∗)ij = Aji (6.15)

4likewise, matrices with a vanishing determinant are called singular.
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which allows for writing (6.11) in the matrix form

AA∗ = A∗A = det(A)E

and dividing by detA (as long it is nonzero!), we finally obtain

A−1 =
1

detA
A∗. (6.16)

Let us apply this to the simplest non-trivial example we know

A =

(
a b
c d

)
·

We have detA = ad − bc and the co-factors are easy to calculate as well,
namely A11 = d, A12 = −c, A21 = −b and A22 = a. Arranging them in a
matrix an then transposing we obtain the adjoint of A as

A∗ =

(
A11 A21

A12 A22

)
=

(
d −b
−c a

)
·

In other words, the diagonal elements switch their places, and the off-
diagonal ones change their signs, which finally yields the inverse of an arbi-
trary regular 2× 2 matrix in the form(

a b
c d

)−1

=
1

ad− bc

(
d −b
−c a

)
· (6.17)

Let us consider also a three-dimensional example, namely

A =

 2 −1 0
1 0 1
0 2 3

 ⇒ detA = −1

in which it is not hard to obtain the co-factors

A11=(−1)1+1

∣∣∣∣ 0 1
2 3

∣∣∣∣=−2, A12=(−1)1+2

∣∣∣∣ 1 1
0 3

∣∣∣∣=−3, A13=(−1)1+3

∣∣∣∣ 1 0
0 2

∣∣∣∣ = 2

A21=(−1)2+1

∣∣∣∣−1 0
2 3

∣∣∣∣= 3, A22=(−1)2+2

∣∣∣∣ 2 0
0 3

∣∣∣∣= 6, A23=(−1)2+3

∣∣∣∣ 2 −10 2

∣∣∣∣=−4
A31=(−1)3+1

∣∣∣∣−1 0
0 1

∣∣∣∣= −1, A32=(−1)3+2

∣∣∣∣ 2 0
1 1

∣∣∣∣= −2, A33=(−1)3+3

∣∣∣∣ 2 −11 0

∣∣∣∣=1
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while for the determinant we have detA = −1 and therefore

A−1 =
1

detA

A11 A21 A31

A12 A22 A32

A13 A23 A33

 =

 2 −3 1
3 −6 2
−2 4 −1

· (6.18)

Let us point out some major properties of inverse matrices (prove them!):

a) (At)−1 = (A−1)t

b) (λA)−1 =
1

λ
A−1, λ ̸= 0

c) (AB)−1 = B−1A−1

d) detA−1 =
1

detA

and we have (A±B)−1 ̸= A−1±B−1. Note that the existence of A−1 and B−1

does not necessarily imply that (A±B) is invertible: consider for example

A =

(
1 0
0 1

)
, B =

(
0 1
1 0

)
·

For non-square matrices one cannot define a determinant or inverse, but
there is a generalized notion of a pseudo-inverse, which also exists only if
certain conditions hold. This construction allows for defining a left and right
(pseudo-)inverse of a matrix with the properties A−1

L A= I and AA−1
R = I,

respectively. Note that A−1
L and A−1

R may exist simultaneously only for
square matrices (in which case they coincide), while in the most generic
setting none of them does. We investigate this matter more thoroughly in
the following chapter and relate it to the solution of linear matrix equations.

Problem Session:

1. Find the inverse matrix of A if

A =


0 0 0 4
0 0 3 0
0 2 0 0
1 0 0 0

 , A =


1 1 0 0
0−1 0 0
0 0 1 1
0 0 0−1

 , A =


1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1


2. Prove that for every regular matrix (An)−1 = (A−1)n = A−n.

3. Assuming that A is regular, prove the implication

[A,B] = 0 ⇒ [An, B] = 0, n ∈ Z

4. Show that if (I−A)−1 exists, then (I−AN+1)(I−A)−1= I+A+. . .+AN .
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Chapter 7

Systems of Linear Equations

Consider the system of linear equations

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2 (7.1)

a31x1 + a32x2 + a33x3 = b3

which may be written as a matrix equation in the form

Ax⃗ = b⃗ (7.2)

where A↔ {aij} is referred to as thematrix of the system, the righthand side

b⃗ is a matrix-column and so is the unknown (vector) x⃗. This construction is
naturally generalized to the n-dimensional case. In the case of systems with
constant coefficients it is convenient to work with the so-called augmented
matrix (A | b⃗), which contains all the information in a concise form.

7.1 Crammer’s Rule

Consider the so called regular case first, in which ∆ = detA ̸= 0 and thus,
A is invertible. The system has a unique solution given by x⃗ = A−1 b⃗ and
substituting the explicit form (6.18) of A−1 yields for its components

xk = ∆−1
3∑
j=1

Ajkbj .

Note that the above sum may be interpreted as a k-th column expansion of
the determinant consisting of the entries of A with b⃗ substituting the k-th

71
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column. We denote the latter by ∆k, more precisely

∆1 =

∣∣∣∣∣∣
b1 a12 a13
b2 a22 a23
b3 a32 a33

∣∣∣∣∣∣ , ∆2 =

∣∣∣∣∣∣
a11 b1 a13
a21 b2 a23
a31 b3 a33

∣∣∣∣∣∣ ∆3 =

∣∣∣∣∣∣
a11 a12 b1
a21 a22 b2
a31 a32 b3

∣∣∣∣∣∣ ·
With this notation the unique solution in the regular case is given by com-
ponents via the so-called Crammer’s rule

xi =
∆i

∆
, ∆ ̸= 0 (7.3)

which is more efficient to express the entries of the solution x⃗ = A−1 b⃗ and
not as efficient as the Gauss method discussed below. Nevertheless, the
above formula suggests a closed form solution that is a major advantage
compared to the (purely numerical) Gauss method especially in the case of
parameter-dependent systems, in which it is often the only tool for obtaining
the solution. Consider for example the system with augmented matrix(

2 1 λ | 6
7 1 −1 | 10
1−2 2 |−5

)
, λ ∈ R

in which one easily obtains

∆ =

∣∣∣∣∣ 2 1 λ
7 1 −1
1−2 2

∣∣∣∣∣ =
∣∣∣∣∣ 2 1 λ+1
7 1 0
1−2 0

∣∣∣∣∣ = −15(λ+ 1)

by first adding the second column to the third one and then expanding over
the latter. Similarly, we have

∆1 =

∣∣∣∣∣ 6 1 λ
10 1 −1
−5−2 2

∣∣∣∣∣ =
∣∣∣∣∣ 6 1 λ+1
10 1 0
−5−2 0

∣∣∣∣∣ = −15(λ+ 1)

as well as

∆2 =

∣∣∣∣∣ 2 6 λ
7 10 −1
1−5 2

∣∣∣∣∣ =
∣∣∣∣∣ 2 16 λ−4
7 45 −15
1 0 0

∣∣∣∣∣ = −15(3λ+ 4)

and finally

∆3 =

∣∣∣∣∣ 2 1 6
7 1 10
1−2 −5

∣∣∣∣∣ =
∣∣∣∣∣ 2 5 16
7 15 45
1 0 0

∣∣∣∣∣ = −15
which yields, with the aid of formula (7.3), the unique solution for the regular
case ∆ ̸= 0⇔ λ ̸= −1 in the form

x1 = 1, x2 =
3λ+ 4

λ+ 1
, x3 =

1

λ+ 1
·
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7.2 The Gauss Method

There is another way of solving linear systems with numerical coefficients,
which is far more efficient in terms of complexity, but is given as an algorithm
rather than a closed formula. It is based on the property that elementary
matrix transformations of the augmented matrix (A | b⃗) do preserve the sys-
tem (up to equivalence) and hence, its solution. As we learned from working
with determinants, such transformations allow for obtaining the matrix in a
triangular form. Then the last equation is only for xn and we may substitute
its solution into the previous one (which involves xn−1 and xn) and so on
until we obtain all the unknowns. This is the so-called Gauss method. In
the regular case one may proceed with the elimination from the bottom up,
thus transforming the matrix into a diagonal form and then, dividing each
row by its diagonal element, obtain the identity matrix on the left. Then,
on the right, one ends up with the solution, i.e.,

(A | b⃗) ∼ . . . ∼ (I | x⃗).

The whole procedure is usually referred to as the Gauss-Jordan method
(elimination). Let us begin with a simple 2× 2 example, namely the system

x− y = 1, x+ 2y = 4

and let us transform its augmented matrix into the form(
1−1 | 1
1 2 | 4

)
∼
(
1−1 | 1
0 3 | 3

)
∼
(
1−1 | 1
0 1 | 1

)
∼
(
1 0 | 2
0 1 | 1

)
·

Then, the solution is given by x = 2, y = 1. Note that unlike in the case
of determinants, here we are allowed to swap rows and multiply them by
arbitrary non-zero constants. On the other hand, we cannot work with
columns as this alters the equations. Consider a second example in the form(

1 2 3 | 1
2 3 4 | 1
3 4 5 | 1

)
∼

(
1 2 3 | 1
0 1 2 | 1
0 2 4 | 2

)
∼

(
1 2 3 | 1
0 1 2 | 1
0 0 0 | 0

)
.

The last row corresponds to an equation of the form 0 = 0 that is always
satisfied, so it does not provide any information. Thus, we end up with two
equations for three variables, which cannot lead to an unique solution and
we introduce a parameter, e.g. x3 = t. Then, from the second (transformed)
equation we have x2 = 1 − 2t and substituting in the first one, finally
x1 = t− 1. The solutions are ultimately given by the one-parameter set

(x1, x2, x3) = (t− 1, 1− 2t, t), t ∈ R.
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Such systems, in which linear dependence of the matrix-rows effectively
reduces the number of equations and the solutions are therefore expressed
in terms of one or more parameters, are called dependent. Note that such
dependance is only possible in the singular case ∆ = 0. Now, let us return to
the example considered in the previous section, in which we used Crammer’s
formula to retrieve the solution in the regular case. In the singular one we
only need to substitute λ with −1 and apply the Gauss method to obtain(
2 1 −1 | 6
7 1 −1 | 10
1−2 2 |−5

)
∼

(
1−2 2 |−5
2 1 −1 | 6
7 1 −1 | 10

)
∼

(
1−2 2 |−5
0 5 −5 | 16
0 15 −15 | 45

)
∼

(
1−2 2 |−5
0 5 −5 | 16
0 0 0 | 1

)

where the last equation in the transformed system may be written as

0x1 + 0x2 + 0x3 = 1

and there are obviously no real (or complex) numbers xi, for which it might
possibly be satisfied. But then, the whole system has no solution since its
equations contradict with each other. Such systems are called inconsistent.
We devote the following section to the study of determined, dependent and
inconsistent systems. Let us only note that in the 3×3 case, each linear
equation has a geometric interpretation of an infinite plane. Two such planes
are either parallel (in particular coincident) or intersect in a line. In the
regular case the two infinite lines corresponding to the intersection of pairs
of equations in the system, themselves intersect at a point, which gives the
solution. These two lines, on the other hand, may also coincide (in the
dependent case), or be parallel (in the inconsistent one). Moreover, two or
even all three of the planes may be parallel or coincident, which corresponds
to either inconsistency or a two-parameter degenerate solution, respectively.
These settings are intrinsically related to the notion of rank discussed below.

7.3 The Kronecker-Capelli Theorem

In the previous section it become clear that in the regular case detA ̸= 0
the system of n linear equations for n unknowns Ax⃗ = b⃗ has a unique
solution given by the Crammer’s formula, that is essentially the inverse
matrix construction x⃗ = A−1 b⃗ written in components. In the singular case,
on the other hand, i.e., when detA = 0, one has two possibilities: the
solutions are either infinitely many and the system is said to be dependent,
or none, in which case it is referred to as inconsistent. It turns out that there
is a simple way to determine to which of the two classes a given singular
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Figure 7.1: Illustration of the solutions to linear systems as intersections of planes.

system belongs without having to solve it. The following theorem makes
use of the notion of rank that has various definitions in literature, some of
which sound quite puzzling. We first define the rank of a system of vectors
as the dimension of their linear span that is certainly equal to the maximal
number of linearly independent vectors within the system. The rank of a
matrix A is then naturally defined as the rank of the system of its vector-
rows or vector-columns. First, let us note that even in the case of non-square
matrices the two definitions are equivalent due to the following

Theorem 6 Each system of n+1 vectors in Rn is linearly dependent.

In other words, a system of vectors in Rn can never have a linear span which
exceeds the ambient space. The existence of bases in Rn is a straightforward
consequence allowing each vector to be expressed as a linear combination
of a system with maximal rank. Now, let A be an m×n matrix, so it may
be interpreted as an ordered system of m vectors in Rn or n vectors in Rm.
Then, according to the above theorem, the maximal rank it can have is
min (n,m), i.e., the smaller of the two dimensions. Thus, one may always
isolate a square sub-matrix, which contains all the information about the
rank and square matrices have maximal rank exactly when the determi-
nant is non-vanishing, i.e., there are no linear dependencies between rows
or columns. In fact, the equivalence of the definitions for rows and columns
follows from the property of determinants detA = detAt as the rank may
also be thought of as the dimension of the maximal non-trivial minor con-
tained in A. Each new relation (linear dependence) between vector-rows
(or columns) reduces the rank by one, so we may also define the latter as
the total number of vectors in the system minus the number of independent
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relations between them. Consider for example the matrix

A =

 1 2 3
2 1 3
1 −1 0

 ·
Its rank is clearly not maximal, since the second row is equal to the sum
of the other two and since this is the only non-trivial relation between the
vector-rows, we have r(A) = 2. The invariance of the definition with respect
to matrix transpositions demands that there is exactly one linear relation
between the vector-columns too. Indeed, it is not difficult to see that the
third column may be obtained as a sum of the first two. In this case each
pair of vector-rows or columns spans a plane (all minors of order two are
non-vanishing), but the three vectors cannot span a three-dimensional space.

With this in mind, we may formulate and proof the famous

Theorem 7 (Kronecker-Capelli) The system of linear equations Ax⃗= b⃗ has
a solution if and only if the rank of A is equal to that of (A | b⃗).

Proof. Let a⃗k denote the k-th vector column of A. Then, the existence of a
solution x⃗ yields x1a⃗1 + x2a⃗2 + . . .+ xna⃗n = b⃗, so the ranks of the systems
{a⃗1, . . . a⃗n} and {a⃗1, . . . a⃗n, b} are equal. Conversely, if the ranks of the latter
systems are equal, then b⃗ can be expressed as a linear combination of the
a⃗k’s in the form b⃗ = x1a⃗1 + x2a⃗2 + . . .+ xna⃗n, which may be written also as
Ax⃗ = b⃗, so that xi are the components of the solution. �

Note that the above examples illustrate perfectly the theorem - in the regular
case ∆ ̸= 0 the rank is already maximal and the additional vector-column b⃗
cannot increase it, so a solution always exists. As for the singular case, the
equivalence between row and column based definitions yields that whenever
the ranks of A and (A | b⃗) are equal, the Gauss method will generate the
same number of identically zero rows in both. On the contrary, if the two
ranks disagree, we are left with an equation of the form 0x1 + . . .+0xn = 1
that is impossible to solve and thus reveals the inconsistency of the whole
system. Moreover, if the conditions of the theorem are satisfied, the number
of unknowns minus the number of independent equations is equal to the
number of free parameters in the solution. For example, in the regular case
the two numbers are equal and the solution determines a point in Rn (no
free parameters). In the dependent case, on the other hand, we may have
k independent relations between the vector-rows (or columns) of A. Then,
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obviously r(A) = n − k and we end up with a k-parametric degenerate
solution. For k = 1 it is a line, for k = 2, a plane etc. In this sense, the
dimension of the resolution set equals the codimension1 of Span{a⃗k} and
vice versa. Consider the following example(

λ µ 2 | 1
λ 2µ−1 3 | 1
λ µ µ+3 | 2µ−1

)
, λ, µ ∈ R

and let us figure out for which values of the real parameters λ and µ the
system has a solution. Firstly, this is obviously so in the regular case

∆ =

∣∣∣∣∣∣
λ µ 2
λ 2µ−1 3
λ µ µ+3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
λ µ 2
0 µ−1 1
0 0 µ+1

∣∣∣∣∣∣ = λ(µ2 − 1) ̸= 0.

In the singular case, for λ = 0 we have r(A) = 2 and thus µ needs to satisfy

∆1 =

∣∣∣∣∣∣
1 µ 2
1 2µ−1 3

2µ−1 µ µ+3

∣∣∣∣∣∣ =
∣∣∣∣∣∣

1 µ 2
0 µ−1 1

2(µ−1) 0 µ+1

∣∣∣∣∣∣ = (µ− 1)(5− µ) = 0

while ∆2 and ∆3 are zero, because they both have a vanishing first column.
Furthermore, if µ = 1, then all the ∆i’s vanish and µ = −1 is not an option
since ∆1 ̸= 0 at that point. To sum up, solutions always exist for µ = 1 and
in the case λ = 0, µ = 5. Only then we have ∆ = ∆k = 0, which guarantees
the equality r(A) = r(A | b⃗). Thus, apart from the regular case, in which the
Crammer’s formula applies (obtain the solutions in this case!), we have two
more configurations that allow for a one-parameter solution, namely2

* µ = 1, while λ is arbitrary:(
λ 1 2 | 1
λ 1 3 | 1
λ 1 4 | 1

)
∼

(
λ 1 2 | 1
0 0 1 | 0
0 0 1 | 0

)
⇒

 x1x2
x3

=
 t
1−λt
0

 , t ∈ R.

** λ = 0, µ = 5:(
0 5 2 | 1
0 9 3 | 1
0 5 8 | 9

)
∼

(
0 5 2 | 1
0 9 3 | 1
0 0 3 | 4

)
∼

(
0 5 2 | 1
0 3 0 | −1
0 0 3 | 4

)
⇒

1i.e., the dimension of the complementary space codimV = dimRn/V , where V ⊂ Rn.
2in this particular case, we end up with a vanishing column (instead of row).
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 x1x2
x3

 =
1

3

 3s
−1
4

 , s ∈ R.

Note that one may also consider systems of equations, in which the relations
are more or less than the number of unknowns. In the former case, the
system is either over-determined, or inconsistent, while in the latter, it might
only be dependent or inconsistent. Fortunately, the Kronecker-Capelli allows
to distinguish between those possibilities here as well. As we shall see later,
each linear equation for x, y and z has the interpretation of a plane in
R3. Then, the solutions to 3 linear systems correspond to intersections
(common points, if any) of three such planes, and the Kronecker-Capelli
theorem allows us to distinguish between different cases (see Figure 7.1)
based on the rank. This theorem remains valid in the more general context
of matrix equations considered in the following section.

7.4 Matrix Equations

In this section we consider more generic linear equations

AX +B, XA+B (7.4)

in which both the righthand side and the unknown are square matrices.
Note that matrix transposition allows for converting one type into another:

(XA)t = AtXt = Bt

so we may consider only the first one. One way to think of it is as of a
system of systems of linear equations, for which the unknown vectors are
given by the columns of X and the righthand sides - by the corresponding
columns of the matrix B. Such interpretation allows for applying directly
most of the results obtained above. For example, Crammer’s rule may be
generalized in this case as

xij =
∆ij

∆
, ∆ ̸= 0 (7.5)

where ∆ij is the determinant obtained from A with the j-th column of B
replacing its i-th column3. This is just a more efficient way of writing the
unique solution in the regular case X = A−1B. Moreover, the Gauss method

3it should not be confused with the minor ∆
(n−1)
ij in the definition of the co-factor Aij .
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applies directly too. In particular, if A is invertible, one may transform the
augmented matrix in such a way that the identity matrix is on the left.
Then, on the right one has the unique solution, i.e.,

(A |B) ∼ . . . ∼ (I |X).

Let us consider a simple example(
1−1 | 1 2
1 2 | 4 5

)
∼
(
1−1 | 1 2
0 3 | 3 3

)
∼
(
1−1 | 1 2
0 1 | 1 1

)
∼
(
1 0 | 2 3
0 1 | 1 1

)
which comes to show that the solution to the matrix equation(

1−1
1 2

)
X =

(
1 2
4 5

)
is X =

(
2 3
1 1

)
that may easily be tested via straightforward multiplication. Next, we take
an equation with the same A and B, but this time in the form XA = B.
We cannot apply the Gauss algorithm directly when X is a left factor, so
we do it for the transposed system AtXt = Bt instead, and thus obtain(

1 1 | 1 4
−1 2 | 2 5

)
∼
(
1 1 | 1 4
0 3 | 3 9

)
∼
(
1 1 | 1 4
0 1 | 1 2

)
∼
(
1 0 | 0 2
0 1 | 1 2

)
·

Since the solution on the right is for Xt, we need to transpose once more

Xt =

(
0 2
1 2

)
⇒ X =

(
0 1
2 2

)
·

In these examples it is quite easy to derive the inverse matrix

A−1 =

(
1−1
1 2

)−1

=
1

3

(
2 1
−1 1

)
using formula (6.17) and then obtain the solutions to the two matrix equa-
tions (7.4) respectively as X = A−1B and X = BA−1. For n > 2, on the
other hand, the Gauss-Jordan elimination is much more efficient. In partic-
ular, one may use it to derive A−1 as a solution to the equation AX = I

(A | I) ∼ . . . ∼ (I |A−1).

Let us calculate as an example the inverse matrix of A =

 2 1 −1
2 −1 2
3 0 1

 · The
Gauss-Jordan algorithm yields in this case(

2 1 −1 | 1 0 0
2 −1 2 | 0 1 0
3 0 1 | 0 0 1

)
∼

(
2 1 −1 | 1 0 0
0 −2 3 |−1 1 0
1 1 −1 | 0 −1 1

)
∼

(
1 1 −1 | 0 −1 1
2 1 −1 | 1 0 0
0 −2 3 |−1 1 0

)
∼
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(
1 1 −1 | 0 −1 1
0 −1 1 | 1 2 −2
0 −2 3 |−1 1 0

)
∼

(
1 1 −1 | 0 −1 1
0 −1 1 | 1 2 −2
0 0 1 |−3−3 4

)
∼

(
1 1 −1 | 0 −1 1
0 −1 0 | 4 5 −6
0 0 1 |−3−3 4

)
∼

(
1 1 0 |−3−4 5
0 −1 0 | 4 5 −6
0 0 1 |−3−3 4

)
∼

(
1 0 0 | 1 1 −1
0 1 0 |−4 −5 6
0 0 1 |−3−3 4

)
⇒ A−1=

 1 1 −1
−4 −5 6
−3 −3 4


while the definition of matrix inverse demands the computation of nine de-
terminants for the co-factors. In the case of 3×3 matrices this does not look
like such an enormous amount of work, but for a generic n this means n2

determinants of order n−1 (e.g. for n=5 those are 25 determinants of order
4, or 100 of order 3), so the complexity of this method increases very rapidly
with n, while for the Gauss-Jordan algorithm this increase is relatively slow.

Linear Homogeneous Equations

We consider a particular type of matrix equations (or systems of linear
equations) with a vanishing righthand side, referred to as homogeneous. In
this setting our work is greatly simplified, e.g. in the regular case the unique
solution guaranteed by the Crammer’s rule is the trivial one4. Moreover, for
B = 0 one always has r (A |B) = r (A) as no new vectors are introduced to
the system and by the Kronecker-Capelli theorem a solution always exists.
This proves the following

Theorem 8 The necessary and sufficient condition for the existence of a
non-trivial solution to the homogeneous equation AX = 0 is detA = 0.

One more convenience provided by the homogeneous case is that we do not
need to bother about the extensions when applying the Gauss algorithm as
it simply does not affect them. Consider for example the following solution 3 4 −5 7 | 0

2 −3 3 −2 | 0
4 11 −13 16 | 0
7 −2 1 3 | 0

 ∼
 1 7 −8 9 | 0

2 −3 3 −2 | 0
0 17 −19 20 | 0
0−17 19 −20 | 0

 ∼
 1 7 −8 9 | 0

0−17 19 −20 | 0
0 17 −19 20 | 0
0−17 19 −20 | 0


in which the last two rows do not contribute any new information to the
system and may thus be ignored, effectively leaving two independent rela-
tions for a total of four unknowns. Thus, the solution will contain two free
parameters and may be written for example as

x1 = 3s− 13t, x2 = 19s− 20t, x3 = 17s, x4 = 17t (s, t ∈ R).
4all determinants ∆ij in formula (7.5) contain a zero column.
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Note that in the homogeneous case adding more trivial columns in the right-
hand side does not demand more calculations, e.g. if the extension consists
of n zero columns, the above expressions would still adequately describe
the k-th column of the solution with independent parameters sk, tk ∈ R.
Another property of linear homogeneous systems is given by the following

Theorem 9 The solutions of a linear homogeneous matrix equation (and
in particular, system of linear equations) constitute a vector space.

Proof. Let X1 and X2 be solutions to AX = 0. Then all linear combinations
of the type λX1+µX2 with λ, µ ∈ C are also solutions, since linearity yields

A(λX1 + µX2) = λA(X1) + µA(X2) = 0λ+ 0µ = 0. �

7.5 Pseudo-Inverse Matrices

In this section we consider a generic type of matrix equations (7.4), in which
the matrices A and B (and hence the unknown X) are not square. Let for
example A be an m×n matrix and B - an m×k one, so if AX = B, X has
to be of dimensions n×k. Suppose also that A has maximal rank, i.e.,

r(A) = min(m,n).

Then, although one may not invert in the strict sense to obtain the solutions
respectively as X = A−1B and X = BA−1, there is a construction called the
generalized inverse, or just pseudo-inverse of a non-square matrix with very
similar properties. More precisely, we define the left inverse of a matrix of
maximal rank A as the matrix A−1

L , for which A−1
L A = I. Similarly, the right

inverse in this case is defined as A−1
R with the property AA−1

R = I. Note the
two identity matrices belong to vector spaces of different dimension, so their
equality is possible (and unavoidable) only in the case of square matrices.
However, even for m ̸= n the products (AAt)m×m and (AtA)n×n always exist
and the one with smaller dimension has a non-vanishing determinant (so
it is invertible) as long as the rank of A is maximal. Thus, in the case
r(A) = n < m we may only construct the left inverse in the form

A−1
L = (AtA)−1At (7.6)

while for r(A) = m < n one has a similar definition for the right inverse as

A−1
L = At(AAt)−1. (7.7)
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If A is an m×n matrix and r(A) = n < m, then A−1
L is n×m, so applying

A−1
L on the left to both sides of the equation AX =B, we seem to obtain

the unique solution X = A−1
L B with the correct dimensions. Note, however,

that the Kronecker-Capelli theorem still applies to this case and the rank of
(A |B) may exceed that of A, since we add more columns in the extension.
Therefore, one needs to check first whether the two ranks agree. On the other
hand, the familiar Gauss method works here with almost no modifications.
Moreover, in the case r(A) = n < m, i.e., maximal rank and more equations
than variables, we may obtain the upper square block of A in a triangular
and even identity matrix form. Then, the remaining rows will either be
trivial, in which case the system is simply over-determined, or contain a
contradiction and thus, yield inconsistency. In the case m < n the number
of equations is not sufficient to determine all the unknowns, so one has to
introduce parameters in the solution if it exists5. Let us illustrate this with
several examples. Consider first a matrix equation in the form(

1 1 | 1 4
−1 2 | 2 5
2 3 | 3 11

)
∼

(
1 1 | 1 4
0 3 | 3 9
0 1 | 1 3

)
∼

(
1 1 | 1 4
0 1 | 1 2
0 1 | 1 3

)
∼

(
1 0 | 0 2
0 1 | 1 2
0 0 | 0 1

)

which clearly shows contradiction as the last row is not entirely zero. If we
had chosen the last entry in the extension above (the matrix B) to be 10,
instead of 11, the ranks of A and (A |B) would agree and we would have
ended up with a vanishing row, hence, with a solution contained above as the

upper-right 2×2 block, namely X =

(
1 2
1 2

)
, which may easily be checked.

Let us also consider one more example, this time of the second type - with
less equations than variables:(

1 1 0 | 2 3
2 3 1 | 4 5

)
∼
(
1 1 0 | 2 3
0 1 1 | 0−1

)
to which it is straightforward to apply the Gauss method, but one cannot
go any further. However, we notice that the rank of A is maximal - in this
case, equal to the number of rows, which cannot be increased by adding
more columns, so r(A) = r(A |B) and we have a solution, or more precisely,
a two-parameter set of solutions for X3×2(s, t). It may be easily obtained
by writing the above as a pair of entangled systems for the vector-columns
of X, namely

x11 + x21 = 2, x21 + x31 = 0

5contradiction is still possible if the ranks in Theorem 7 do not agree.
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and respectively

x12 + x22 = 3, x22 + x32 = −1.

The obvious substitution is x21 = s and x22 = t, where s, t ∈ R are two
arbitrary real parameters, and thus we have the solution in the form

X =

 2−s 3−t
s t
−s −1−t

 , s, t ∈ R.

Problem Session

1. Determine the rank of the matrix, depending on the real parameter λ 1 0 −1
2 λ−2 3
1 0 4

 ,

−1 2 1
2 λ −2
3 −6 −3

 ,

 1 1 1 1−λ
2 2 2−λ 2
3 3−λ 3 3

 ·
2. Prove that

r(AB) ≤ min[r(A), r(B)]

and in particular

r(An) ≤ r(A).

Provide an example, in which the inequality does not hold.

3. Solve the linear system, represented by the augmented matrix

a)

 1 −2 3 −4 | 4
0 1 −1 1 |−3
1 3 0 −3 | 1
0 −7 3 1 |−3

 ,

 1 0 −3 4 |−5
1 0 −2 3 |−4
3 2 0 −5 | 12
4 3 −5 0 | 5


b)

(
1 1 2 |−1
2 −1 2 |−4
4 1 4 |−2

)
,

(
1 −2 1 1 | 1
1 −2 1 −1 |−1
1 −2 1 5 | 5

)

c)

(
λ λ λ+1 | λ
λ λ λ−1 | λ

λ+1 λ 2λ+3 | 1

)
,

(
µ 1 1 | 4
1 λ 1 | 3
1 2λ 1 | 4

)
, λ, µ ∈ R.

4. If A and B are square matrices and the system AX = B is depen-
dent/inconsistent, then what can be told about the system XA = B?
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5. Obtain the left inverse of the matrix

A =

(
1 2 0
2 0 1

)
and the right one of At. What is the explicit relation between the two?

6. Solve for X:

X

 1 1 −1
2 1 0
1 −1 1

 =

 1 −1 3
4 3 2
1 −2 5


7. Find the solutions to the system Ax = 0 where

A =

 λ 3 1
1 1 + λ −1

2λ− 1 2 4

 , λ ∈ R

depending on the value of the parameter.



Chapter 8

Vectors in R3

8.1 Properties of Vectors in R3 and Rn

The very definition of a vector is of course independent on the dimensional-
ity and thus, basic properties of vectors in R2 and Rn coincide. For example,
linear combinations are the most fundamental operations in any vector space
and the notion of linear dependence remains identical, i.e., a system of vec-
tors {ak} is said to be linearly dependent if there exists a vanishing linear
combination of the ak’s whose coefficients are not all zero (equivalently, if
one of the vectors can be expressed as a linear combination of the others).
Moreover, the number of independent vectors in a given system usually re-
ferred to as its rank cannot exceed the dimension n of the corresponding
space. In the case of equality r{ak} = n, we say that {ak} constitutes a
basis in Rn as each vector v ∈ Rn can be expressed (expanded) as a linear
combination in the form

v =

n∑
k=1

viai (8.1)

where the coefficient vi is the parallel projection of v in the direction deter-
mined by ai. In the case of orthogonal bases ai ⊥ aj for i ̸= j (and only
in that case) the latter coincides with the orthogonal projections given by
means of the scalar product with the unit vector âi in the i-th direction:

vi = v · âi, âi =
ai
|ai|
· (8.2)

Then, {âi} is said to be an orthonormal (i.e., orthogonal normalized) basis.
The entries of the Gram matrix G↔ {gij} for orthonormal bases satisfy

gij = âi · âj = δij , G = Id. (8.3)
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The relation between the vector components of v in two different bases,
say {âk} and {â′k}, is also linear as one might expect. More precisely, it is

defined via the transition matrix T ↔ {τ ji } between {âk} and {â′k} as

âi =

n∑
j=1

τ ji â
′
j . (8.4)

In other words, the vector-columns of T are given by the coordinates of the
old basis vectors âi in the new basis {â′j}. Now, consider the expansion (8.1)

and the analogous one with components v′j in the basis {a′k}. Since the two
expansion describe the same invariant geometric object v we have

v =

n∑
i=1

v′ja′j =

n∑
i=1

viai =

n∑
i,j=1

viτ ji a
′
j ⇒ v′j =

n∑
i=1

τ ji v
i

so the parallel (also referred to as contravariant) components of the vector
v are transformed namely with the transition matrix T , i.e.,

T : vi → v′j . (8.5)

The normal projections (covariant components) vi, on the other hand, are
being transformed by the inverse transpose (T t)−1 usually referred to as the
contragradient transformation of T , as one may easily deduce from (8.2) and
(8.4). This crucial difference between upper and lower indices remains hid-
den in the case of orthonormal bases, in which the two types of coordinates
coincide and the transition matrix T is clearly equal to its contragradient.
Such transformations are called orthogonal and they play a central role in
both geometry and mechanics. More precisely, orthogonal transformations
defined via the condition T t = T−1 are compositions of reflections and pre-
serve the scalar product, i.e., u ·v = Tu ·Tu, hence, it also preserves lengths
and angles. Moreover, we obviously have detT = ±1 due to the properties
of detT t and detT−1. As it turns out, the positive sign of the determinant
corresponds to an orientation-preserving transformation, which in our case
reduces to a pure rotation. For detT = −1, on the other hand, we end
up with a composition of a rotation and a mirror reflection. At the end of
the present chapter we consider the more general setting of non-orthogonal
bases and show how one may still derive the vector components of v ∈ R3

as normal projections using the notion of the so-called dual basis.
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8.2 Cross and Triple Products

Recall the usual definition of the dot product given in terms of matrix mul-
tiplication that extends to an arbitrary dimension as1

u · v = U tV =

n∑
k=1

ukvk = |u||v| cos](u,v) (8.6)

and is obviously invariant under orthogonal transformations of the basis:

U ′tV ′ = (TU)t(TV ) = U tT tTV = U tV, T t = T−1.

In Chapter 4 we also introduced the wedge product of two planar vectors as

u ∧ v =

∣∣∣∣ u1 u2v1 v2

∣∣∣∣ = |u||v| sin](u,v) (8.7)

which is equal (up to a sign) to the area of the parallelogram determined by
u and v. This product extends naturally to an arbitrary finite dimension as

(u ∧ v)ij = uivj − viuj , i, j = 1, 2, . . . n (8.8)

which yields a skew-symmetric tensor with two indices and k =
n(n− 1)

2
independent components (explain why!). In particular, for n = 2 it is a
scalar (k = 1) and n = 3 yields k = 3 as well, so we may associate to the
exterior product a vector (sometimes also referred as pseudovector). Namely,
its components are equal to the co-factors of the first row in the formal
determinant written below (ê1, ê2 and ê3 denote the standard basis vectors)

u× v =

∣∣∣∣∣∣
ê1 ê2 ê3
u1 u2 u3
v1 v2 v3

∣∣∣∣∣∣ =
 u2v3 − u3v2
u3v1 − v3u1
u1v2 − u2v1

 · (8.9)

This type of product is called a cross product of the vectors u and v and
naturally generalizes the wedge product in R2. Namely, if u and v belong
to the x, y-plane, it is a vector, pointing in the z-direction, with magnitude
exactly |u∧ v|. Actually, for arbitrary u and v it is a vector, perpendicular
to the plane Span{u,v}, such that u, v and u×v form a right oriented triple
(counterclockwise rotation or the “right hand rule” illustrated in Figure 8.1)
and its magnitude is |u×v| = |u||v| sin](u,v). The product is obviously
skew-symmetric by construction (why?) and may be used for generating
bases in R3. In particular, if u ⊥ v, the corresponding basis is orthogonal.
We note that, although the wedge product extends to arbitrary dimensions,
the cross product exists only in R3 where one has the coincidence k = n.

1the infinite-dimensional extension for Hilbert spaces is given by means of integration.
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Figure 8.1: The cross product of two vectors (on the left) and the right hand rule
to determine the orientation (on the right).

Triple Products and Double Cross Products

Although the wedge product is associative, i.e., u ∧ (v ∧w) = (u ∧ v) ∧w,
surprisingly this does not hold for the cross product. Instead, we have the
two different expressions below for the so-called double cross products

(u× v)×w = (u,w)v − (v,w)u

(8.10)
u× (v ×w) = (u,w)v − (u,v)w.

Note that in each case the double cross product lies in the plane determined
by the two vectors in the brackets (explain why and prove the equalities!).

There is one more generalization of the wedge product in R2. This time we
put the emphasis on the fact that it yields the oriented area determined by
its two factors. Then, in R3 we take three, rather than two vectors, and
express the oriented volume of the prism they span in a similar way, namely

(u,v,w) =

∣∣∣∣∣∣
u1 u2 u3
v1 v2 v2
w1 w2 w3

∣∣∣∣∣∣ (8.11)

usually referred to as the triple product of u, v and w. Note that we have

(u,v,w) = (u× v,w) = (u,v ×w) = u ∧ v ∧w

which follows straight from the definitions of the cross, dot and wedge prod-
ucts. For its interpretation as a volume, however, we first need to express

u× v = |u||v| sin](u,v)n = SBn
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where n is a unit vector, normal to both u and v, and SB denotes the
oriented area of the base, which lies in the u, v-plane. Then, we take into
account that w ·n = |w| cos](n,w) that is precisely the height of the prism
h, so the triple product finally yields (see also Figure 8.2)

(u,v,w) = |u||v||w| sin](u,v) cos](n,w) = SBh = V.

One consequence is that coplanar vectors have vanishing triple product.
Here is also a working formula for one particular type type of triple products:

(u× v,w × z) = (u,w)(v, z)− (u, z)(v,w). (8.12)

We leave the proof to the curious reader (see the exercises at the end).

8.3 Dual Bases

There is one peculiar application of the cross and triple product that gives
a powerful technique in the geometry of non-orthogonal bases. It resorts on
the fact that the parallel projections vk of a vector v in the basis {ak} may
be given as orthogonal projections in another basis {ak} we refer to as dual
to {ak}. In order to obtain this duality let us first note that since

v =

n∑
i=1

viai, vj = v · aj (8.13)

it is quite clear that for the two bases we are going to have (see Figure 8.2)

ai · aj = δij . (8.14)

This is quite easy to visualize in the plane: the vector a1 needs to be per-
pendicular to a2 and its dot product with a1 needs to be equal to one. The
former is straightforward as each nonzero vector in R2 determines its nor-
mal direction uniquely, while for the latter we need a normalization factor
of a1 ∧ a2 = a1 · a⊥2 . With a similar argument for a2 we finally obtain

a1 =
a⊥2

a1 ∧ a2
, a2 = − a⊥1

a1 ∧ a2
(8.15)

where we have chosen the clockwise rotation from v to v⊥ = (v2,−v1)t and
the minus for the second equality is necessary to compensate the reverse
orientation with this choice. For the case n = 3 the construction is quite
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Figure 8.2: Dual bases (on the left) and the triple product (on the right).

similar, but this time formula (8.14) implies that each vector in {ak} is nor-
mal to two of the directions determined by the initial basis {ak}. Hopefully,
we can make use of the cross product to determine for example a3 ∥ a2×a3.
However, we are going to need normalization factors here too, and it is not
difficult to see that the triple product, i.e., the volume element determined
by the basis {ak}, plays that role in R3. More precisely, we may define

a1 =
a2 × a3

(a1,a2,a3)
, a2 =

a3 × a1
(a1,a2,a3)

, a3 =
a1 × a2

(a1,a2,a3)
· (8.16)

Now, it is straightforward to see that with this choice the orthonormality
conditions (8.14) are satisfied and thus, the parallel (contravariant) compo-
nents in the basis {ak} are precisely the normal (covariant) components in
the dual basis {ak}. Note also that the concept of duality is always mutual,
i.e., if {ak} is dual to {ak}, then the inverse is also true (verify this in R3).
The dual basis technique naturally extends to higher dimensions as well, but
then one does not have the convenience of using the cross product. Try to
formulate an analogous construction for Rn based on the exterior product.

Problem Session

1. Let {êk} be the standard basis and T : {êk} → {ak} the transition
matrix to the (not necessarily orthogonal) basis {ak}. Show that one
has G−1 = TT t where G is the Gram matrix associated with {ak}.

2. Prove that the cross product satisfies the Jacobi identities

(u× v)×w + (v ×w)× u+ (w × u)× v = 0

u× (v ×w) + v × (w × u) +w × (u× v) = 0
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3. Prove the particular case of formula (8.12)

(u× v,u× v) = u2v2 − (u,v)2

Can you prove the generic case?
Hint: Show by the properties of determinants that

(a,b× c) = (a× b, c)

and for the generic case use the equalities for double cross products.

4. Determine tan](u,v) and the volume spanned by u, v and u × v,

where u =

 1
1
1

 and v =

 1
−1
0

·
5. Calculate the volume of the tetrahedronABCD with verticesA(1; 2; 1),
B(−1; 0; 3), C(2; 0; 0) and D(3; 1; 0). Find also the coordinates of the
geometric center, the total surface area and the distance from the point
D to the plane determined by A, B and C. Did you have fun?

6. Given the two planar vectors a1 = (1, −1)t and a2 = (1, 1)t, obtain the
contragradient matrix transformation associated with it and the dual
basis {ak}. Resize a1,2 to construct an orthonormal basis {âk}. What
geometric transformation does the orthogonal map T : {êk} → {âk}
correspond to? Can you extend this concept to obtain a one-parameter
set of orhonormal bases {âk}t? How about a two-parameter set?

7. Given the three non-coplanar vectors a1 = (0, 1, 1)t, a2 = (1, 0, 1)t

and a3 = (1, 1, 0)t, find the matrix transformation that yields the
contravariant components of an arbitrary vector v ∈ R3 in the basis ak
expressed in terms of the ones in the standard basis êk. Then, obtain
the dual basis {ak} and see that the latter coincide with the covariant
components of v in it. Try to explain this coincidence algebraically.
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Chapter 9

Lines and Planes in R3

Most of the constructions in the plane have natural generalization to R3.
However, one should be careful, since there are differences too. To begin
with, we may still consider two types of vectors - attached and free, typically
represented by radius-vectors of points and their differences. The latter
constitute the vector space R3, while the former, the affine space R3 as a
space of points. Thus, one may think that there are two copies of R3 involved
in our geometric considerations. When lines and planes come into play, more
complicated spaces appear naturally in the model, such as Grassmannian
and projective spaces, but we are not going to discuss them here explicitly.

9.1 Equations of Lines and Planes

As we already discussed, most of the constructions are not affected by in-
creasing the dimension. For example, the vector parametric equation of a
line in R3 is written in the exact same way as in R2 (See Figure 9.1), i.e.,

g : r = r0 + λt, λ ∈ R (9.1)

but this time the scalar equations are three, since there is also a z-coordinate

x = x0 + λt1

y = y0 + λt2 (9.2)

z = z0 + λt3

while both the derivation of the above formula and the interpretation of t as
a direction vector along the line remain the same. Similarly, one may write

93
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the equation of a line passing through a pair of points with radius-vectors
r0 and r1, respectively as

x− x0
x1 − x0

=
y − y0
y1 − y0

=
z − z0
z1 − z0

(9.3)

where the difference seems to be only in the presence of a third coordinate.
Note, however, that here, unlike in the two-dimensional case we have two,
rather than one linear equation. The reason for this is actually quite simple:
in order to obtain a one-dimensional object in three-dimensional space, such
as the line, described by the free parameter λ in formula (9.1), we need to
impose two independent relations for the coordinates 3−2 = 1, while in the
plane only one equation is sufficient since 2− 1 = 1. So what is the object

α : ax+ by + cz + d = 0 (9.4)

described by a single linear equation for x, y and z? Well, it is obviously
linear and has 3 − 1 = 2 independent parameters, so it must be a two-
dimensional plane. The above is actually referred to as the general equation
of a plane and its geometric interpretation is quite similar to that of a general
equation of a line in R2 (See Figure 9.1). Namely, the coefficients a, b and c
can be thought of as the components of the normal vector n (note that each
plane in R3 determines a single normal direction, while a line has infinitely
many) and d = −n · r0, where r0 is the radius-vector of an arbitrary point
A ∈ α. This is quite easy to obtain when we take into account that the
radius-vector r of a any point in α defines a free vector r − r0, which is
always parallel to α and thus n · (r − r0) = 0. Similarly, one may consider

a unit normal vector n0 =
n

|n|
and write the above equation in the form

n0 · (r− r0) = 0 (9.5)

which is usually called normal equation of a plane and may be used to
measure distances between points and planes. Consider a point B with
radius-vector r1 and project the difference vector A⃗B = r1 − r0 pointing
from A to B along the normal direction by means of a dot product with n0.
This clearly yields the (shortest) distance between B and α in the form

d(B,α) = |(r1 − r0) · n0| (9.6)

or, in other words, we simply substitute the coordinates of the point into
the normal equation of the plane and, due to the ambiguous orientation
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Figure 9.1: Lines and planes in three-dimensional space.

of n0, take the absolute value of the result. Similarly, if we generalize the
intercept-intercept equation of a line (5.11) to

x

a′
+
y

b′
+
z

c′
= 1 (9.7)

the latter already represents a plane in R3 and the constants a′, b′ and c′ yield
the points at which this plane intersects the coordinate axes Ox, Oy and Oz,
respectively. More generally, one may define a plane passing through three
non-collinear points A(x0, y0, z0), B(x1, y1, z1) and C(x2, y2, z2) demanding
for any point F ∈ α with radius-vector r, the three vectors A⃗B = r1 − r0,
A⃗C = r2 − r0 and A⃗F = r− r0 to be coplanar, which may be written as

α : (A⃗X, A⃗B, A⃗C) =

∣∣∣∣∣∣
x− x0 y − y0 z − z0
x1 − x0 y1 − y0 z1 − z0
x2 − x0 y2 − y0 z2 − z0

∣∣∣∣∣∣ = 0. (9.8)

Expanding the above determinant over the first row, we obtain the coeffi-
cients in the general equation of the plane (9.4) as co-factors1.

9.2 Intersections and Mutual Positions

The excessive dimensions (degrees of freedom) naturally make the picture
more complex, in the sense that they offer a richer variety of possible sit-
uations to consider. Things remain relatively simple as long as there are
only points and vectors to consider. For example, the distance between
two points A(x0, y0, z0) and B(x1, y1, z1) is given by the three-dimensional

1note that the same result is obtained if we construct the normal vector as n=A⃗B×A⃗C.
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Pythagoras’ theorem in the form

|AB| = |r1 − r0| =
√

(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2. (9.9)

Moreover, the formulae (9.3) and (9.8) may be used as criteria for the
collinearity of three points and the coplanarity of four points, respectively.
Then, we also have incidence relations, e.g. a point belongs to a line or a
plane if its coordinates satisfy the corresponding equation or set of equa-
tions. As for the parametric case (9.1), the system for λ is over-determined
and fixes a single value of the parameter for any particular B ∈ g. If, on the
other hand, a point B does not belong to a plane α, the distance between the
two is given by formula (9.9), but a similar situation with a line g involved
needs further study, since the latter does not determine a unique normal
direction. However, we may construct a plane β, normal to g through B,
using t as a normal vector in the general equation. Then, the distance be-
tween B and g is equal to the distance between B and the intersection point
C = g ∩β, which is easy to obtain by substituting the parametric equations
(9.1) into the generic equation of β and thus determining the value of λ.
Finally, d(B, g) = |BC| is obtained via formula (9.9).

Let us now consider the mutual position of two lines: g, determined by its
direction vector t and a point A, and h - by the pair s and B, respectively.
The shortest distance is measured along the common normal direction de-
termined by the cross product t × s as long as t and s are not parallel.
Then, each vector connecting a point from g with a point from h (and in
particular, the vector A⃗B) projected over this direction yields the distance

d(g, h) =
(A⃗B, t×s)
|t×s|

, t×s ̸= 0. (9.10)

If, on the other hand, the two lines are parallel and thus t×s = 0, we may
construct the normal direction by means of a double cross product. First,
note that t×A⃗B is a vector normal to the plane, determined by g and h,
thus (t×A⃗B)× t = t2A⃗B − (A⃗B, t)t lies in this plane and is normal to t∥s
by construction. Projecting the vector A⃗B over its direction as before yields

d(g, h) =
(t×A⃗B)2

|(t×A⃗B)×t|
= |AB| sin](A⃗B, t), t×s = 0. (9.11)

As far as planes are concerned, a line and are plane are either parallel, or
intersect (the former penetrates the latter) at a point with coordinates ob-
tained by substituting the parametric equations of the line in the general
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equation of the plane and thus fixing the value of the parameter. Similarly,
two non-parallel planes intersect at a line, which is the one-parameter solu-
tion to the system of two equations for three variable. If a line or a plane α
is parallel to another plane β, the distance between the two objects is equal
for any pair of point A ∈ α and B ∈ β. In particular, this distance may be
zero if the two planes coincide or the line belongs to the plane, respectively.

Finally, let us consider the case of three planes in R3 from the perspective
of systems of linear equations and the Kronecker-Capelli theorem in partic-
ular. In the non-degenerate case, in which the system of the three normals
has maximal rank, the planes are bound to intersect at a single point much
like the coordinate planes OXY , OY Z and OZX intersect at the origin.
The other extreme setting involves parallelism of two or even three normals
(corresponding to rank two and rank one, respectively). In between, how-
ever, we see something with no analogue in R2: neither two of the normals
are parallel and yet, the system is either dependant of inconsistent, i.e., the
planes may be spread like a fan with a common axis or set like the roof of
a house, with three parallel intersections. Consider other possible settings.

9.3 Basic Examples from Stereometry

Let us begin as we did in the two-dimensional case: with a set of points,
e.g. A(1; 2; 0), B(2; 1; 3), C(3; 0; 1) and D(1;−1; 2). As a first task, we may
obtain all direction vectors starting from the vertex A given by coordinate
differences as A⃗B = (1, −1, 3)t, A⃗C = (2, −2, 1)t and A⃗D = (0, −3, 2)t.
Now, the rank of the system the above vectors constitute determines whether
the four points are coplanar or in a generic position. It is easy to see that

(A⃗B, A⃗C, A⃗D) =

∣∣∣∣∣∣
1 −1 3
2 −2 1
0 −3 2

∣∣∣∣∣∣ = −15
so the rank is maximal and the four points are not coplanar. Furthermore,
the volume of the corresponding prism is equal to 15 measure units and
hence, we may obtain the volume of the pyramid ABCD as

VABCD =
1

6
|(A⃗B, A⃗C, A⃗D)| = 5

2
·

Another typical task is to determine the distance between the point D and
the plane α determined by A, B and C. We can do this in several ways: the
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standard one is to express the equation of α using formula (9.8) namely as

α : x+ y − 3 = 0

and then, dividing by the length of the normal vector nα = (1, 1, 0)t and
substituting the coordinates of D, obtain d(D,α) = 1√

2
|1 − 1 − 3| = 3√

2
·

Another way uses the fact that the above distance is equal to the height
of the pyramid and thus may be determined by dividing its volume to one
third of the area of △ABC, which is equal to 1

2 |A⃗B × A⃗C| =
5√
2
· Next, let

us consider the bisectrix plane δ between α and β ∋ A,B,D. To derive its
equation, we first note that the normal nδ bisects the angle determined by
the normals nα ∼ A⃗B × A⃗C and nβ ∼ A⃗B × A⃗D = (−7, 2, 3)t, so we may
re-scale nα → n′

α assuring |n′
α| = |nβ| and use vector summation to obtain

n±
δ = nβ ± n′

α = (−7±
√
31, 2±

√
31, 3)t

where the two solutions correspond to the two complementary angles de-
termined by the intersection of the normal directions nα and nβ. Finally,
the free terms of the general equations of the two planes δ± are given as
c± = −n±

δ · rA = 3∓ 3
√
31, where rA denotes the radius-vector of A, i.e.,

δ± : (−7±
√
31)x+ (2±

√
31)y + 3z + 3∓ 3

√
31 = 0.

Another typical task in stereometry is to determine the mutual position
and distance between two lines. Let us take for example the one passing
through the pair of points A and B (we shall denote it with g) and another
one (say, h) containing C and D. Firstly, we have the direction vectors
A⃗B = (1, −1, 3)t and D⃗C = (2, 1, −1)t, so using A and C for base points
it is straightforward to write the parametric equations of the two lines as

g : x = 1 + λ, y = 2− λ, z = 3λ, λ ∈ R

h : x = 3 + 2µ, y = µ, z = 1− µ, µ ∈ R.

Note that equating x, y and z we obtain an inconsistent system for λ and
µ as the two lines do not intersect. Since they are not parallel either, the
common normal direction may be obtained as a cross product n ∼ A⃗B×D⃗C.
Then, normalization to unit length yields n̂ = 1√

62
(−2, 7, 3)t and projecting

the vector difference between any pair of points from the two lines (and in
particular, A and C), we find the distance to be d = 15√

62
· It turns out to

be useful also to obtain the equation of the unique line ℓ that intersects g
and h and is perpendicular to both of them. Clearly, it is oriented along the
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vector n, but the free terms in the parametric equations are yet to be fixed.
A straightforward, but rather technical way to do so is by demanding the
systems ℓ ∩ g and ℓ ∩ h to have a solution. Another constructive approach
is to obtain ℓ as an intersection of two planes: σ ∋ n, g and ψ ∋ n, h. Their
normals are then naturally given as double cross products

nσ ∼ A⃗B × (A⃗B × D⃗C), nψ ∼ D⃗C × (A⃗B × D⃗C)

and we readily express ℓ = σ ∩ ψ, where

σ : 24x+ 9y − 5z = 42, ψ : 5x− 2y + 8z = 23.

Resolving the above system we finally obtain

ℓ : x = −2λ, y =
451

62
+ 7λ, z =

291

62
+ 3λ, λ ∈ R.

Note that we automatically obtained the direction vector n = (−2, 7, 3)t as
before and the distance d(g, h) = |G⃗H| can be measured between the two
intersection points G = ℓ∩g and H = ℓ∩H. See if it yields the same result.

Problem Session

1. Let A(−2;−1; 2), B(0; 1; 2), C(1; 2; 0) and D(3;−1; 1) be four points
in space. Find the coordinates of a point E, such that ABCE is a
parallelogram and calculate its area. Find the distance between B
and the plane α determined by A,B and C.

2. Given the points A(−4;−1; 2) and B(3; 5;−16), find a third point C,
such that the midpointM of AC lies on the axis OY and the midpoint
N of BC is in the plane XOZ.

3. Find a plane α that contains the point A(3; 4; 0) and the line

g :
x− 2

1
=
y − 3

2
=
z + 1

3
·

Also, find the distance between A and g.

4. Find the vertices C and D of the square ABCD if the other two are
A(1; 4;−3) and B(1; 1; 1), and we know that ABCD lies in a plane β,
normal to α : x+ 3y − 4z + 1 = 0.
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5. Given the points A(0;−1; 3), B(2; 1;−2), C(0; 3; 1) and D(−1; 5; 3)
find the volume of the pyramid ABCD and the cosine of ]CAB.
Write the equation of a line g containing the vertex D and parallel to
A⃗B.

6. Given the set of points A(3;−1; 2), B(2; 1; 2), C(0; 2; 0) and D(1; 1; 1)
find the geometric center of the pyramid ABCD, the area of △ABC
and the coordinates of the orthogonal projection of the vertex D in
the plane α determined by A, B and C.

7. Given the set of pointsA(2;−1; 2), B(−2; 1; 2), C(3;−2; 3) andD(1; 0; 1)
find the area of △BCD, the cosine of ]BAD and the equation of the
plane α containing A⃗B and parallel to C⃗D.



Chapter 10

Linear Operators

10.1 The Rank and Nullity Theorem

In this chapter we consider linear operators A : V → W from one vector
space V to another W , i.e., maps satisfying the linear property

A(u+ λv) = Au+ λAv ∀ u,v ∈ V, λ ∈ R.

Note that if we have fixed bases in both V and W , then the operator A may
be given as a m× n matrix, where n = dimV and m = dimW . In the case
n = m and in particular, if W ≡ V , the corresponding matrix is square. For
m < n, on the other hand, one clearly encounters a loss of information1,
whereas in the case n < m there is not enough data in V to cover W in an
invertible way, e.g. V ⊂ W . For a better understanding of the geometric
properties of operators it is convenient to introduce the notions of range and
kernel. More precisely, the former one, denoted here by rgA, is defined as
the set of vectors in w ∈W , which are an image of some vector in V , i.e.,

rgAV→W = {w ∈W | ∃ v ∈ V, w = Av}

and if the range of A covers all W we say that A is onto, or surjective
(e.g. projection onto a lower-dimensional subspace). Similarly, the kernel is
defined as the set of vectors in V mapped by A to the zero vector in W :

kerAV→W = {v ∈ V | Av = 0}.

Obviously, due to linearity, kerA always contains the zero in V and is said
to be trivial if it does not contain anything else. In this case A is called

1projecting spacial vectors onto the XY -plane we lose track of the vertical component.
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injective (for instance, the embedding V ⊂ W is clearly injective). Now,
if an operator is both injective and surjective, it is referred to as bijective
and yields a one-to-one correspondence between V and W , which are said
to be isomorphic (as vector spaces) that is usually denoted as V ∼=W . One
obvious isomorphism is given by the identity map I : v → v, ∀v ∈ V .
A non-trivial example would be a reflection or a rotation in the plane - it
covers all R2 and the image of each non-zero vectors is also a non-zero vector.
More generally, as we shall see later, each square matrix with non-vanishing
determinant may be thought of as a matrix of a linear isomorphism. Before
we come to this conclusion, however, it is useful to prove the following

Theorem 10 If A : V →W is linear, both rgA and kerA are vector spaces.

Proof: Let u,v ∈ kerA. Then linearity yields A(u+λv) = Au+λAv = 0
and thus, u + λv ∈ kerA, which proves that kerA ⊂ V is a vector space.
A similar argument shows that linear combinations of images (under A) are
images of linear combinations, so rgA ⊂W is also a vector space. �

As vector spaces, rgA and kerA have their dimensions, referred to as rank
and nullity of the operator A, respectively:

rkA = dim (rgA) , nulA = dim (kerA) .

The rank of A is easily seen to be equal to the rank of the corresponding
matrix (it is clearly independent on the choice of basis), while the geometric
meaning of nulA is best illustrated by the so-called rank and nullity theorem:

Theorem 11 Let A : V →W be a linear operator. Then, one has

rkA+ nulA = dimV.

Proof: We only give a sketch of the proof here. Since each vector in V
clearly either belongs to kerA, or is mapped into a non-zero vector in W ,
we have the direct sum decomposition V = V0 ⊕ V1, i.e., V0 ∩ V1 = {0},
where V0 = kerA and V1 is in one-to one correspondence with rgA ⊂ W
since the restriction of A on V1 has maximal rank (equal to dimV1). Thus,
it yields an isomorphism between V1 and W , which means in particular that
dimV1 = dimW , so we have dimV = dimV0 + dimV1 = rkA+ nulA. �

For linear systems the above result asserts that the dimension of the resolu-
tion set W equals the number of variables minus the number of independent
equations. In the next section we provide more explicit geometric examples.
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10.2 Projections, Reflections, Euclidean Motions

There are several classes of linear operators which are particularly interest-
ing for the applications, e.g. the (skew-)symmetric type, the orthogonal and
unitary types, the uni-modular type (satisfying detA = ±1) etc. Since this
course is focused mainly on Euclidean geometry, we shall pay special atten-
tion to operators related to planar and spacial motions. There is a beautiful
theorem due to Cartan–Dieudonné asserting that all such transformations
are generated by reflections and the latter, as we shall see in a while, are
most naturally expressed in terms of projectors, which is where we begin.

Projectors and Mirror Reflections

Recall that the projection of any vector v in a given direction is given by
the dot product with the unit vector û along this direction. Then, one
may easily decompose the vector v into a parallel and perpendicular to û
components denoted respectively as v∥ and v⊥, given explicitly in the form

v∥ = (v · û) û, v⊥ = v − v∥.

The above are clearly linear functions of v, so let us find their associated

matrices - we only need an expression for the (parallel) projector P∥
û along

the direction determined by û. It is not hard to see that it has the form

P∥
û = ûût ⇒ P⊥

û = I − ûût (10.1)

where we make use of the so-called tensor or dyadic product of vectors given
in components as (ûût)ij = ûiûj and the fact that the two projectors add
up to identity. Let us consider a particular example: the vector u = (3, 4)t

yields the corresponding projectors in the form2

P∥
u =

uut

u2
=

1

25

(
9 12
12 16

)
, P⊥

u = I − P∥
u =

1

25

(
16 −12
−12 9

)
·

Then, an arbitrary vector in the plane, say v = (1, 2)t, may easily be de-
composed into a parallel and a normal with respect to u directions, namely

v = v∥ + v⊥ = P∥
uv + P∥

uv

where it is straightforward to see by the rules of matric multiplication that

v∥ =
11

25
(3, 4)t, v⊥ =

2

25
(−4, 3)t.

2since u is not unit we divide by its squared norm.
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Our next task is to construct the mirror reflectionMu with respect to the
direction determined by u. In order to do this we only need to note that
the parallel to u is preserved byMu, while the one in the normal direction
changes its sign, i.e.,

Muv = v∥ − v⊥ =
(
P∥
u − P⊥

u

)
v

and we may express the matrix of the transformation as

Mu = 2P∥
u − I = I − 2P⊥

u . (10.2)

In the above example this clearly yields

Mu =
1

25

(
−7 24
24 7

)
⇒ Muv =

1

24
(41, 38)t.

To extend this construction to R3 one may either do it in a straightforward
manner or consider reflections about planes and surfaces (see Figure 10.1).
To see the difference more clearly, let us take for example the plane

α : 2x− y + 2z + 1 = 0 ⇒ n = (2, −1, 2)t.

One may easily construct the parallel (and hence, the normal) projector
onto the direction determined by the normal vector n as

P∥
n =

1

9

 4 −2 4
−2 1 −2
4 −2 4

 , P⊥
n = I − P∥

n =
1

9

 5 2 −4
2 8 2
−4 2 5

·
Now, the axial symmetry with respect to n in this case is nothing but a
half-turn (rotation by an angle π) about n and it is given explicitly as

Mn = P∥
n −P⊥

n = 2P∥
n − I = I − 2P⊥

n .

On the other hand, spacial reflections are usually taken with respect to a
plane, or some more general (mirror) surface. It is not difficult to realize
that the parallel projector with respect to n is the normal one with respect
to the plane α and vice versa, hence the two reflections differ only in sign:

P∥
α = P⊥

n , P⊥
α = P∥

n ⇒ Mα = −Mn = I − 2P∥
n. (10.3)

Using the above calculations we easily derive the reflector

Mα =
1

9

 1 4 −8
4 7 4
−8 4 1
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and use it to obtain the mirror images of both vectors and points in R3. Take
for instance A(3; 2; 1) with radius-vector r and let us find the coordinates
of the reflected point A′(x; y; z). One is tempted to write r′ = Mαr, but
that would be wrong as long as α does not contain the origin. Actually, our
construction can be used directly only for free vectors, not for radius-vectors
(explain why) and we already know a straightforward way to obtain them
in terms of coordinate differences. Take an arbitrary point on the plane, say
A0(1; 1;−1) ∈ α and then reflect r−r0 so that it is mapped to r′−r0. Thus,
the actual formula for the coordinates of the mirror image A′ reads

r′ = r0 +Mα (r− r0) . (10.4)

Applied to our example, this construction finally yields A′ (−1
9 ;

32
9 ;−

19
9

)
.

There is another, rather physical, setting that involves reflection with respect
to a vector, rather than a plane. Consider the Snell’s law of geometric optics:
the angle of reflection (with respect to the normal to the reflecting surface
direction) is equal to the angle of incidence, i.e., t′ =Mnt = −Mαt, where t
is a vector pointing the direction of the incident light ray. We shall consider
the plane α from our previous example and let t = (1, 2, 1)t. Using the
above calculations we easily find t′ = −1

9 (1, 24, 1)
t, in which we may omit

the pre-factor since only the direction is relevant. In order to obtain the
trajectory of a particular reflected ray (or elastically scattered particle, e.g.
billiard ball), we need some initial conditions, i.e., a source point - let this
be again A(3; 2; 1). Then, the incident ray has the parametric equations

ℓ : x = 3 + λ, y = 2(1 + λ), z = 1 + λ, λ ∈ R

and the point of incidence may easily be found as B = ℓ∩α via substitution

2(3 + λ)− 2(1 + λ) + 2(1 + λ) + 1 = 2λ+ 7 = 0 ⇒ λ = −7

2

which yields B
(
−1

2 ; 9; −
5
2

)
, so the equations of the reflected ray are

ℓ′ : x = −1

2
+ µ, y = 9 + 24µ, z = −5

2
+ µ, µ ∈ R.

Note that the problem of geometric optics is not restricted to planar mirrors.
On the contrary, one may consider a generic reflecting surface Σ usually given
as an implicit function of the form Σ : F (x, y, z) = 0. The normal direction
at each point is different (unless the surface is a plane) and therefore we talk
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about a normal vector field n(x, y, z) rather than just a normal vector. It
is not difficult to show that this normal field is actually proportional to the
gradient field associated with the surface, defined as

∇F (x, y, z) = (Fx, Fy, Fz)
t (10.5)

where the subscript denotes partial differentiation, e.g. Fx =
∂F

∂x
etc. To

see this, one only needs to note that the total differential of F vanishes

dF =
∂F

∂x
dx+

∂F

∂y
dy +

∂F

∂z
dz = 0 (10.6)

since the function itself is constant on the surface. On the other hand,
(dx, dy, dz)t may be interpreted as an infinitesimal vector tangent to Σ and
thus, the above vanishing scalar product asserts that ∇F is normal to it at
each point. In physical considerations one may introduce a time parameter
t and divide (10.6) by dt, which yields Ḟ = ∇F · v = 0 where the dot
denotes differentiation with respect to t and v = (ẋ, ẏ, ż)t stands for the
instantaneous velocity of a moving particle bound to the surface Σ, which
is therefore restricted to the tangent plane at each point. To illustrate the
gradient field technique we consider a simple example of a quadratic surface

Σ : F (x, y, z) = 3x2 − y2 + z2 + 2xz − xy + yz + 1 = 0

which yields via straightforward differentiation

∇F (x, y, z) = (6x− y + 2z, −x− 2y + z, 2x+ y + 2z)t.

Now, let us take a light ray ℓ passing through the point A(3; 2; 1) in the
direction determined by the vector t = (2, 1, 2)t and, as before, obtain the
equation of the reflected ray ℓ′. To begin with, we have for the incident ray

ℓ : x = 3 + 2λ, y = 2 + λ, z = 1 + 2λ, λ ∈ R

and to find the point of incidence we need to substitute into the expression
of Σ, which yields a quadratic equation for λ in the form

ℓ ∩ Σ : 23λ2 + 50λ+ 2z = 0 ⇒ λ1,2 = −1,
25

23
·

Let us take the intersection point A1(1; 1;−1), which corresponds to the
root λ1 = −1 and construct the normal n at this point as

n = ∇F (1, 1,−1) = (3, −4, 1)t.
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Figure 10.1: Reflection from planar (left) and curved (right) mirror surfaces.

Then, it is straightforward to obtain the mirror reflection as

Mn = 2P∥
n − I = − 1

13

 4 12 −3
12 −3 4
−3 4 12


that yields the reflected direction vector t′ = Mnt = − 1

13
(14, 29, 22)t.

Thus, omitting the irrelevant pre-factor, we finally obtain

ℓ′ : x = 1 + 14µ, y = 1 + 29µ, z = −1 + 22µ, µ ∈ R.

There are more examples of this type at the end of the present chapter.

Rotations and the Galilean Group

As we already mentioned, all spacial motions are generated by reflections.
In particular, the compositions of two reflections about intersecting planes
(lines) is a rotation by twice the angle between them, while in the case of
parallel planes/lines, it yields a translation by twice the distance between
them (illustrate both cases with graphical examples). Since translations are
reduced to vector summation, i.e., each spacial vector u is uniformly shifted
by the translation vector t as T : u → u′ = u + t, we shall concentrate
mostly on rotations. They have a particularly simple form in the planar
case, as we already saw in the context of complex numbers, namely

Rφ =

(
cosφ − sinφ
sinφ cosφ

)
(10.7)
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which is a matrix representation of a complex number of unit modulus and
thus, acts on vector in R2 as a rotation by an angle φ that may be seen di-
rectly as well. Both approaches clearly indicate that RφRψ = Rφ+ψ and in
particular R−φ = R−1

φ with R0 = I. These properties turn the set of planar
rotations into a (commutative) matrix group, i.e., the latter is closed under
composition, with a neutral (unit) element and unique inverse for each ele-
ment. Adding translations to that, which is allowing each radius-vector to be
shifted arbitrarily, one obtains the group of Euclidean motions in the plane.
Note, however, that the translational and rotational components of such
motions are intertwined and hence, do not commute. For example, rotating
a vector u ∈ R2 by an angle φ and then, shifting it with a translation vector
t clearly yields a compound motion u → u′ = Rφu+ t, while reversing the
order of the two transformations one ends up with u′′ = Rφ (u+ t) ̸= u′. We
usually adopt the former convention (rotations first) and use block-matrices
to represent the compound motion G(φ, t) : u→ u′ as(

u′

1

)
=

(
Rφ t

0t 1

)(
u

1

)
=

 cosφ − sinφ t1
sinφ cosφ t2
0 0 1

 u1
u2
1

· (10.8)

How is this construction generalized to the three-dimensional case? The
block-matrix technique works similarly in every dimension and the exten-
sion of the translational counterpart is trivial, so the main difference is the
group of spacial rotations compared to the planar case. To begin with, it is
non-commutative, which makes it far more difficult to study. Each spacial
rotation is again rotation in a plane (or about the axis, perpendicular to that
plane), which cannot be said for higher dimensions. This plane, however, is
not fixed but varies within the group. In general, the matrix of a rotation
by an angle φ about the unit vector n is given by the Rodrigues’ formula

R(φ,n) = cosφ I + (1− cosφ)nnt + sinφn× (10.9)

where n× denotes the skew-symmetric linear transformation that maps each
vector v ∈ R3 to its cross product with n, i.e., n×v = n × v. Note that
the above formula actually asserts that the parallel to the rotation axis
component is preserved by the rotation and the normal one is rotated as in
R2, which is obtained via decomposition in the normal to n plane with the
aid of P⊥

n and n×. In particular, rotations about the coordinate axes adopt
a simple form, e.g. for a rotation about the z-axis one has from (10.9)

R(φ, êz) =

 cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 .
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Since the generic form of a spacial rotation (10.9) is far more complicated,
in mechanics and navigation one often uses the so-called Euler angles (see
Figure 10.2) representing an arbitrary R(φ,n) in the factorized form

R(ϕ, θ, ψ) = R(ψ, êz)R(θ, êx)R(ϕ, êz).

The composition law for two consecutive rotations about non-parallel axes
looks somewhat cumbersome in the three-dimensional case unless we take
advantage of the Euler trigonometric substitution τ = tan

φ

2
in (10.9) and

denote for example c = τn, which is usually referred to as the Rodrigues’
vector, or simply the vector-parameter of the corresponding rotation. Then,
although this type of parametrization yields a singularity at φ = π on the
one hand, it also allows for expressing the matrix entries of R as rational
functions and derive an efficient composition law in the form3

⟨c2, c1⟩ =
c1 + c2 + c2 × c1

1− c1 · c2
· (10.10)

which yields the vector-parameter of the compound transformation

R = R(c2)R(c1).

Baring in mind the above considerations about the rotation group in R3,
one may still express spacial motions in pretty much the same block-matrix
form as in R2, i.e., we have the composition of two motions in the form(

R2 t2

0t 1

)(
R1 t1

0t 1

)
=

(
R2R1 R2t1 + t2

0t 1

)

which defines the structure of the so-called Galilean group in R3. Similarly,
one may allow for the upper-left block of the above matrices to contain inver-
sions with respect to planes and spheres as well as scaling transformations,
thus extending to the so-called conformal or Möbius group, which has its
applications in various more complex geometric and mechanical problems.

Note that even if the rotation group is commutative, which is only in R2,
introducing translations to it certainly destroys this property as the above
composition formula clearly indicates. This is because translations and ro-
tations are entangled in the Galilean motion group in a structure referred

3clearly, the cross product is responsible for the non-commutativity and when the two
axes are collinear the expression is reduced to an addition formula for the tangent function.
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Figure 10.2: Parametrization of rotations with Euler and Bryan angles.

to as semi-direct product (in a direct product the two components would
interact independently, and here only one of them affects the other). This
peculiar behavior may be encoded in a conveniently chosen algebraic struc-
ture, which naturally adopts similar properties. One such structure is given
by the so-called dual quaternions consisting of elements in the form

q̃ = q1 + ϵq0, q0,1 ∈ H, ϵ2 = 0

where the nilpotent element corresponds to the translational component.
In mechanics this is also known as screw calculus. Similar algebraic con-
structions often make the description of cumbersome geometric and phys-
ical theories way easier and more productive, e.g. complexification of the
above object is directly applicable to special relativity. Complex numbers,
quaternions and groups themselves provide a good illustration of this idea.

Problem Session

1. Determine the rank and the nullity of a linear operator that projects
n-dimensional vectors onto a k-dimensional subspace of Rn.

2. If R is a spacial rotation, what is the rank of I±R and does it depend
on the angle/axis of R?

3. Given an arbitrary basis {ak} of Rn, one has the so-called Gram-
Schmidt procedure, which transforms it into an orthogonal basis. The
idea is to choose a vector, say a1 and then modify a2 by subtracting

its parallel to a1 component, i.e., a′2 = a2 − P∥
1a2 = P⊥

1 a2. Then, for
a′3 one subtracts two parallel projectors to make sure that a′3 is normal
to both a′2 and a′1 = a1. Proceeding by induction, one may define

a′k = ak −
k−1∑
i=1

P∥
i ai
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where P∥
i denotes the parallel projector in the direction determined

by a′i. Usually this is followed by a normalization that finally yields
an orthonormal basis {â′k}. Apply this technique to the set of vectors

a1 = (−1, 1, 1)t, a2 = (1, −1, 1)t, a3 = (1, 1, −1)t.

4. Given the four points A(1; 2; 3), B(2; 3; 1), C(3; 1; 2) and D(0; 0; 0),
find the coordinates of the reflections of the geometric center of the
pyramid ABCD with respect to its four sides.

5. A billiard ball with velocity vector v = (1,−1)t hits the boundary of
the billiard table, which has the shape on an astroid x2/3+x2/3 = 2, at
the point A(1; 1). Find the trajectory of the ball after the reflection.
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Chapter 11

The Eigenvalue Problem

In many practical problems it is important to know the spacial directions,
preserved by the action of a linear operator. This is especially useful in me-
chanical considerations including optimization, determining states of equi-
libria for complex systems etc. Denoting v̂ the unit vector along the fixed
direction, we are faced with an equation of the form

Av̂ = λv̂, λ ∈ C (11.1)

known as the characteristic equation of the linear operator A. Actually,
homogeneity with respect to v̂ implies that any vector v ∥ v̂ is a solution
and in particular the zero vector 0. However, we are interested only in non-
trivial solutions, which we refer to as eigenvectors. To each eigenvector v,
or more precisely, invariant direction

Spanv = {µv, µ ∈ R}

we may assign the unique complex number λ in (11.1) called an eigenvalue,
which measures the deformation of vectors along this direction under the
action of A. In particular, the construction of of eigenvectors and eigenval-
ues turns out to be of crucial importance for the study of (skew-)symmetric,
orthogonal and unitary operators with their geometric and dynamical prop-
erties. For the description of the nontrivial solutions to equation (11.1) it is
convenient to begin by writing it in the form

(A− λI) v̂ = 0

and point out that the necessary and sufficient condition for a homogenous
linear system like this to have non-trivial solutions is to be singular, i.e.,

det(A− λI) = 0. (11.2)

113
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Otherwise, inverting the matrix one inevitably ends up with (A−λI)−1 0=0.
With the aid of condition (11.2) we determine the set of eigenvalues {λk}
also referred to as the spectrum of A consisting of the zeroes of the above
polynomial. Then, for each λk we solve the linear homogenous equation

(A− λkI)vk = 0

and thus, after normalization, obtain the corresponding unit eigenvector v̂k.
For a simple root the corresponding solution contains one undetermined pa-
rameter, which corresponds to the freedom of scaling v. Multiple roots, on
the other hand, correspond to subspaces in Cn of dimension, equal to the
multiplicity, in which all directions are preserved and thus, we may also “ro-
tate” the eigenvectors. We shall clarify this part by the end of the chapter.

11.1 Spectral Properties of Operators

Let us now focus on some commonly used classes of linear operators and
study the properties of their spectra. We begin with a simple but powerful

Theorem 12 The eigenvalues of symmetric and hermitian operators are all
real and the eigenvectors corresponding to different eigenvalues - orthogonal.

Proof. Consider the hermitian bilinear form

⟨vi, Avj⟩ = v̄i ·Avj = λj⟨vi,vj⟩.

If A is hermitian, we also have from the conjugated version of formula (11.1)

⟨vi, Avj⟩ = ⟨Avi,vj⟩ = λ̄i⟨vi,vj⟩

and for i = j this yields λi = λ̄i ⇒ λi ∈ R. With this in mind, in the case
i ̸= j and λi ̸= λj equality holds only for ⟨vi,vj⟩=0, which yields v̂i⊥ v̂j .
The symmetric case follows as a subset. �

Corollary 3 The eigenvalues of skew-hermitian and skew-symmetric oper-
ators are purely imaginary and eigenvectors corresponding to different eigen-
values are orthogonal.

In the above cases the eigenvectors constitute an orthonormal basis1, in
which the matrix of the corresponding linear operator has a diagonal form.

1in the case of multiple roots, one performs an additional normalization procedure.



11.1. SPECTRAL PROPERTIES OF OPERATORS 115

Theorem 13 The eigenvalues of unitary and orthogonal transformations
lie on the unit circle |λ| = 1 and eigenvectors corresponding to different
eigenvalues are orthogonal.

Let U be unitary, and consider the hermitian form

υij = ⟨Uvi, Uvj⟩ = λ̄iλj⟨vi,vj⟩.

On the other hand, by definition UU † = U †U = I, so

υij = ⟨U †Uvi,vj⟩ = ⟨vi,vj⟩

and for i = j we have υii ̸= 0 (assuming that vi ̸= 0), thus |λi| = 1 follows.
Moreover, i ̸= j yields λ̄iλj = 1 and since λi ̸=λj we come to a contradic-
tion unless ⟨vi,vj⟩=0. The orthogonal case obviously follows as a subset. �

The two above theorems are actually equivalent by a general result asserting
that each unitary (orthogonal) matrix is an exponent of a skew-hermitian
(skew-symmetric) one. Then, the equivalence follows as a consequence of a
well-known property of operator spectra, given by the following

Theorem 14 The matrices A and f(A) have the same eigenvectors and if
{λk} are the eigenvalues of A, those of f(A) are given by {f(λk)}.

Proof. Let f be a smooth function. Then, it is expandable in a Taylor series

f(A) = f(0)I + f ′(0)A+
f ′′(0)

2!
A2 + . . . =

∞∑
k=0

f (k)(0)

k!
Ak

which makes sense also for a matrix argument with Ak = AA . . . A (k times)
and in particular, A0 = I. Therefore, the matrices A and f(A) commute,
so they determine identical sets of eigenvectors (prove this point alone!). As
the latter constitute a basis, in which both A and are diagonal and it is not
hard to show that f : diag{λ1, λ2, . . . λn} → diag{f(λ1), f(λ2), . . . f(λn)}.
Furthermore, for non-smooth functions f , one may always find an approxi-
mations with smooth ones and all properties we need endure the limit. �

Why is the zero commutator necessary and sufficient condition for a common
set of eigenvectors? We shall leave the details of the proof to the reader
providing only an motivational example. In the case of symmetric operators
the eigenvectors constitute a basis, referred to as canonical, in which the
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matrix of the operator has a diagonal form. Now, if two matrices are diagonal
in the same basis, they obviously commute and vice versa - if one of them is
diagonal in a given basis and the commutator vanishes, the other needs to be
diagonal as well (if this statement is not obvious to you, work out the details).
Our main example is the exponential function, which maps skew-symmetric
(skew-hermitian) matrices into orthogonal (unitary) ones. This is also one
more way to see that the eigenvalues of the latter lie on the unit circle
(since for the former they are purely imaginary). Moreover, we may prove
that each rotation, i.e., orientation-preserving orthogonal transformation
(with positive determinant), in odd-dimensional space has an invariant axis
defined as the linear span of eigenvectors corresponding to eigenvalue λ = 1.
One way to see this is to take into account that if A is skew-symmetric, then

detA = detAt = det(−A) = (−1)n detA

and for n = 2k + 1 this yields detA = 0, so in a certain basis the matrix of
A has a vanishing row, hence, a zero eigenvalue. But then, the orthogonal
transformation corresponding to it via the exponential map, has λ = e0 = 1
in the spectrum, which determines the invariant axis (the axis of rotation in
the case n = 3). On the contrary, for n = 2k the above equality of determi-
nants is automatically satisfied so it does not imply a vanishing eigenvalue.
Consider for example the matrix representation of the imaginary unit

J =

(
0 1
−1 0

)
whose characteristic equation λ2 + 1 = 0 yields the pair of complex roots
λ1,2 = ±i. Now, one may jump directly to n = 4 with the block-matrix

A =

(
αJ 0
0 βJ

)
, α, β ∈ R

which obviously has eigenvalues {±iα,±iβ} and its exponent yields a rota-
tion simultaneously in the two mutually perpendicular x, y and z, w - planes
by angles α and β, respectively. No axis in R4 is preserved by its action,
only the origin (the rotation center) remains fixed. Note that rotations exist
in all spacial dimensions but we can speak of rotation about an axis only for
n = 3. In every other case we may encounter rotation in a plane at best, but
this is something that does not happen often as it demands a set of highly
non-trivial conditions to be satisfied by the corresponding matrix entries.
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11.2 The Degenerate Case

So far we focused mostly on the case of simple eigenvalues, but the main
results refer to the degenerate case as well. In particular, if a linear symmet-
ric operator A has a multiple eigenvalue λ in the spectrum, it determines
an invariant (under the action of A) subspace Vλ of dimension equal to the
multiplicity of λ. The trivial example is the spherical operator A = λI, for
which the multiplicity is maximal and thus, Vλ coincides with the ambient
space. In the non-degenerate case all subspaces Vλ are one-dimensional and
therefore we often speak of “invariant directions” rather than eigenspaces.
Similarly, we have invariant planes and higher-dimensional subspaces in Rn.
Let us consider the case of symmetric operators starting with an example

A{êk} =

 0 1 1
1 0 1
1 1 0


in which it is not difficult to factorize the characteristic equation

det(A− λI) = (2− λ)(1 + λ)2 = 0

which leads to one double and one simple root, namely λ1,2=−1 and λ3=2.
The latter is almost trivial - the system of homogeneous equations yields

(A− 2 I)v3 = 0 ⇒ v3 ∼ (1, 1, 1)t

and we may fix the arbitrary scalar factor to 1/
√
3 in order to ensure unit

length. On the other hand, for the double root one obtains two independent
solutions in the form

v1 ∼ (1, 1, −2)t, v2 ∼ (−2, 1, 1)t

which are obviously not mutually perpendicular as one might expect. How-
ever, since the whole plane spanned by v1 and v2 (which, by the way, is the
orthogonal complement of v3) is preserved by the action of A, we may choose
an arbitrary pair of vectors in this plane and in particular, an orthonormal
one. In order to do so, we only need to normalize v1 with a normalization
factor 1/

√
6 and use projectors in the Gram-Schmidt procedure2 to eliminate

the parallel to v1 component of v2, thus finally obtaining

v̂1 =
1√
6
(1, 1, −2)t, v̂2 =

1√
2
(1, −1, 0)t, v̂3 =

1√
3
(1, 1, 1)t.

2see the problem session of the previous chapter.
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These unit vectors may be used to construct an orthonormal basis in which

the matrix of the above operator takes the form A{v̂k} =

−1 0 0
0 −1 0
0 0 2

·
As explained in Chapter 8, the components of the vectors v̂k yield the matrix
of the orthogonal map that relates the two bases T : {êk} → {v̂k}, i.e., the
transition matrix. It may also be viewed as a similarity transformation
linking the above matrix representations of the operator A, namely

A{v̂k} = TA{êk}T
−1.

This is easy to see keeping in mind that the transformation of vectors is
x{v̂k} = Tx{êk} and the same for x′ = Ax, which yields

x′
{v̂k} = A{v̂k}x{v̂k} = TA{êk}T

−1Tx{êk} = Tx′
{êk}.

Similarly, if A is a matrix of a bilinear form, i.e., α(x,y) = x · Ay, it may
be shown (work out the details!) that it is transformed as

A{v̂k} = TA{êk}T
t

when the basis is changed. If we switch from one orthonormal basis to
another, as we do in our example, the matrix T is orthogonal and the two
transformations would be identical, but this is not so in the generic case.
Now, let us consider a bit more exotic example, namely

B{êk} =

 0 5 −4
−5 0 3
−4 3 0


that appears in various physical contexts. The characteristic equation im-
mediately yields λ1 = λ2 = λ3 = 0, which is somewhat disturbing - does it
mean that in some basis the matrix has only zero entries? Of course, not.
In this case, the matrix we are dealing with is neither symmetric, nor skew-
symmetric and its eigenvectors do not necessarily constitute a basis in R3.
Actually, it is not difficult to see that its rank is equal to two: there is no
pair of linearly dependent rows or columns, so we have only one relation for
the three vectors. But then, it turns out that only one direction is preserved,
namely the one given by the so-called Egyptian vector v = (3 , 4 , 5 )t. The
linear operator B acts on vectors in R3 as a cross product with v followed by
a sign inversion of the first two components. The latter obviously does not
affect zero vectors, so the kernel of B coincides with the kernel of v× · and
we see that expB is somewhat similar to a rotation. Such linear maps are
usually referred to as pseudo-rotations or Lorentz transformations and have
vital importance in hyperbolic geometry, relativity and quantum mechanics.
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Problem Session

1. Obtain the eigenvectors of J and the block matrix A constructed with
it above. Attempt to perform the Gram-Schmidt procedure relative
to the Hermitian scalar product in the degenerate case α = β.

2. What is the algebraic condition two matrices, say A and B need to
satisfy, so that the eigenvalues of A+B, respectively AB, are the sum
(product) of the eigenvalues of A and those of B.

3. Find the eigenvalues and eigenvectors of the matrixA =


3 −1 0 0
0 3 0 0
1 0 3 1
0 1 0 3

·
4. Given the matrix A =

(
2 −4
−4 2

)
find the inverse of B = A2 − 10I,

as well as the eigenvalues and eigenvectors of both A and B−1.

5. Find the eigenvalues and eigenvectors of a compound planar motion
obtained as a composition of a (counterclockwise) rotation by an an-

gle ϕ =
π

2
, a reflection about the y-axis and a translation with a

translation vector t = (1, −1)t. Change each of the above parame-
ters separately to see how it affects the preserved directions. What
happens if you include also scaling, e.g. stretch all distances twice?

6. Recall the construction of the cross product in R3 and note that fixing
one of the factors it is reduced to a linear map on the other, i.e.,
u×v = Av and thus, it may be presented explicitly in a matrix form,
namely as the skew-symmetric matrix (see if this is correct)

A = u× =

 0 −u3 u2
u3 0 −u1
−u2 u1 0

·
Obtain the eigenvectors and eigenvalues for arbitrary u. Note also that
if we choose u = ϕn where n is a unit vector denoting the rotation
axis and ϕ - the corresponding angle of rotation (this construction is
usually referred to as the rotation vector), the u× has the meaning
of an infinitesimal rotation and the compound transformation is ob-
tained via exponentiation as Rt(ϕ,n) = exp(tA), where t is the time
parameter. Then, for a fixed rotation vector the eigenvectors do not
depend on t, but the eigenvalues do. Show this dependence explicitly.
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Chapter 12

The Geometry of Quadrics

Quadrics are a natural step beyond considering linear equations and as such,
provide an intersection of linear algebra, projective and algebraic geometry
with lots of practical applications. Examples emerge from various fields
starting with elementary Euclidean geometry and arriving at rather ad-
vanced mathematical physics (e.g the Klein quadric and the twistor model).

12.1 Normal Forms and Canonical Axes

Let us begin with the almost trivial one-dimensional case, in which a generic
quadric, i.e., a quadratic function of one variable, may be written as

Q(x) = ax2 + bx+ c, a ̸= 0. (12.1)

What is the geometric meaning of this expression? If we have an extra
dimension y to embed the graph of the function y = Q(x), it is well-known
to be a parabola, which may be given in a simpler form by a linear change
of coordinates x→ ξ, namely

Q(ξ) = α± ξ2, ξ =
√
|a|x+

b

2
√
|a|
, α = c− b2

4|a|

where the sign in front of ξ2 equals the sign of the highest order coefficient
a in the equation of the quadric (12.1). The above representation of Q(ξ)
is called a normal of canonical form and the variable ξ itself - a canonical
variable. Now, let us see how this idea may be generalized to higher dimen-
sions. The reasonable thing to do here would be to consider the case n = 2,
in which the generic expression of a quadric is given in the form

Q(x) = x ·Ax+ b · x+ c, x = (x1, x2)
t (12.2)

121
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where A ↔ {aij} is a nonzero 2 × 2 symmetric matrix1, so the above may
be written in components as

Q(x) = a11x
2
1 + 2a12x1x2 + a22x

2
2 + b1x1 + b2x2 + c. (12.3)

Then, one may consider the graph of the function y = Q(x) or, alternatively,
setting Q(x) = 0, obtain the equation of the quadric as an implicit function2

of x1 and x2. Here we may also find the canonical coordinates ξ = (ξ1, ξ2)
t,

in which the equation (12.3) takes its simplest (normal) form. In order to
do so, one needs to introduce an Euclidean motion in the x1, x2−plane. Let
us consider first the case in which only a rotation is sufficient, that is when
the linear term is zero (b1 = b2 = 0) and one only needs to diagonalize
the matrix A thus finding the canonical axes of the quadric Q. This is a
straightforward illustration of the eigenvalue problem considered above and
we have

Q(ξ) = λ1 ξ
2
1 + λ2 ξ

2
2 + c, ξ = Tx (12.4)

where λ1,2 are the eigenvalues of A and T : {êk} → {âk} is the rotation
matrix constructed from its normalized eigenvectors âk that yield the so-
called canonical basis. Let us see this with an example: consider the quadric

Q : 2x1x2 = 1

and derive the matrix of its bilinear form A =

(
0 1
1 0

)
, for which the char-

acteristic equation λ2 − 1 = 0 yields the two simple roots λ1,2 = ±1 and
thus, the canonical form of Q may be written as

Q : ξ21 − ξ22 = 1.

It only remains to find how the initial (x1, x2)-coordinates are related to the
canonical ones, ξ1 and ξ2. The linear transformation is given by the transi-
tion matrix between the two bases obtained by the normalized eigenvectors
of A: â1 =

1√
2
(1, −1)t and â2 =

1√
2
(1, 1)t, which finally yields the relation

ξ1 =
1√
2
(x1 + x2), ξ2 =

1√
2
(x2 − x1)

so the canonical axes in this case are the diagonals of the four quadrants.

1even if its skew-symmetric part is nonzero, it would not survive the contraction x ·Ax.
2note that this approach would lead in the one-dimensional case to a set of two points.
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Now, let us consider a more general type of quadric, e.g.

Q : x21 + x22 − 2x1x2 + x1 + x2 − 2 = 0

for which the canonical form would involve both rotation and translation.
We shall approach this problem in the standard way - first by obtaining the

eigenvalues of the matrix of the quadratic part A =

(
1 −1
−1 1

)
, which are

obviously λ1 = 0 and λ2 = 2 and the corresponding (unit) eigenvectors,
respectively â1 = 1√

2
(1, 1)t and â2 = 1√

2
(−1, 1)t, so the transition matrix

T is a quarter-turn (rotation by a right angle) and we have, similarly to the
above case:

ξ =
1√
2
(x1 − x2), η =

1√
2
(x1 + x2).

Substituting x = T−1ξ in the expression of the quadric Q, we obtain

Q : 2ξ22 −
√
2 ξ1 − 2 = 0

and then, easily get rid of the constant term by shifting the ξ1 variable as

ξ1 → ξ̃1 = ξ1 +
√
2

which finally yields the equation of a parabola

Q : ξ22 +
1√
2
ξ̃1 = 0.

Note that if we change only one sign in the above quadric, namely

Q′ : x21 + x22 − 2x1x2 + x1 − x2 − 2 = 0

the latter may be written for the variable z = x1 − x2 as

z2 + z − 2 = 0

that has the two simple roots z1 = 1, z2 = −2 and thus, yields the two lines

g1 : x2 = x1 − 1, g2 : x2 = x1 + 2.

This splitting of the quadric into a pair of lines is referred to as degeneracy.
Note that usually quadrics are considered in projective geometric perspec-
tive, but here we study their basic properties from Euclidean point of view.
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12.2 Geometric and Optical Properties of Conics

Planar quadrics can be obtained as intersections of a (double infinite) cone
with a plane and thus, often called conic sections. For example, if the
plane is perpendicular to the cone’s axis of symmetry, the intersection is
obviously a circle, while if it is parallel to the cone’s side then we end up
with a parabola. In the generic setting the sections are ellipses or hyperbo-
lae with various eccentricity, but there are also degenerate cases, in which
it may be a line (the plane is tangent to the cone) or even a point (the cusp).

We shall assume a somewhat simplistic approach, which later will appear
to be justified. Namely, let us declare the three types of non-degenerate
conics with their canonical equations and set a clear classification criterion.
Then, we shall use our knowledge on Euclidean motions in the plane to
solve the problem of obtaining this canonical form of an arbitrary quadratic
polynomial in x and y. There are three types of conics (see Figure 12.1):

• Ellipses with their canonical equation

x2

a2
+
y2

b2
= 1 (12.5)

where a and b are the so-called semi-axes3.

• Hyperbolae described by either of the two equations

x2

a2
− y2

b2
= ±1. (12.6)

• Parabolas given respectively as either of the equations

y2 = 2px, x2 = 2py (12.7)

where p > 0 is referred to as the focal parameter.

Note that one may choose only one of each pair of equations for the hyper-
bola and the parabola as a canonical representative since the other is ob-
tained by a quarter-turn in the plane. However, it is sometimes convenient
to have such freedom of choice. The classification theorem for quadratic pla-
nar curves states that they are all conic sections, i.e., one of the above types
or possibly a degenerate case like the one considered above. An analogous

3respectively half of the minimal and maximal diameter (called just axes).
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Figure 12.1: The basic non-degenerate conic sections: (a) the circle, (b) the ellipse,
(c) the parabola and (d) the hyperbola (on the left); and the optical property of
the parabola used in satellites (on the right).

result holds for quadratic surfaces in R3, which we discuss below as well.
Moreover, all planar geometries have been classified in a similar manner as
elliptic (e.g. geometry on the sphere and its projective versions), hyperbolic
(such as the famous Lovachevsky model) and parabolic, also known as Eu-
clidean. Then, if conics are that important, let us study their structure into
more detail. It turns out that it is not necessary to intersect cones with
planes each time we would like to generate such a quadric as we may define
it also as locus of points. For instance, all points in the circle have the prop-
erty that they are at the same distance R form the center. So, having that
distance (radius) and the coordinates (x0, y0) of the center, we can generate
the whole circle from the above property as the locus of points satisfying

(x− x0)2 + (y − y0)2 = R2.

Similarly, for the ellipse (12.5), which obviously also has a center as it is
symmetric with respect to reflection about both coordinate axes, we have
two more important points referred to as foci (the plural of focus). The
generalization of the above construction for ellipses sounds like this: the
sum of the distances from the two foci F1,2 is the same for each point of
the ellipse. A similar construction works for the hyperbola, but there one
takes the difference, rather than the sum of distances from the two foci. Of
course, we need to determine the positions of the two foci in either case, and
relate them to the canonical equation. Let us concentrate on the former for
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now. It appears helpful to first define the eccentricity of the ellipse (12.5)

e =

√
1− b2

a2
, a ≥ b. (12.8)

This parameter may be used to determine the two foci as it yields the ratio
of the distance |F1F2| between them and the major axis 2a (here we assume
that the ellipse is “horizontally” oriented, i.e., a > b). Hence, the two foci
are placed on the major axis (in our case this is the x-axis) symmetrically
with respect to the minor axis (and thus, the origin), and have coordinates

F1,2 :
(
±
√
a2 − b2, 0

)
.

Now, attempt to derive the canonical equation of the ellipse (12.5) from the
restriction that the sum of the distances from each of its points to the two
foci is constant. With a little more effort one may prove (do it!) the main
optical property of ellipses, namely that the reflection (with respect to the
ellipse, considered as a mirror surface) of a light ray passing through one
of the foci, passes through the other. This very property holds also for the
hyperbola if we consider light rays as infinite lines. In order to prove it,
however, one needs to define the foci in this case and we do it again with
the aid of the eccentricity e, which this time has the form

e =

√
1 +

b2

a2
(12.9)

for a sideways opening hyperbola, i.e., equation (12.6) with the positive sign
on the righthand side. The coordinates of the two foci are then determined
similarly as (see Figure 12.2)

F1,2 :
(
±
√
a2 + b2, 0

)
and one may derive formula (12.6) from the condition that the difference
between the distances from each point in the hyperbola from F1 and F2 is
a constant. The value of this constant is equal to the major axis 2a both
for the ellipse and the hyperbola. Note also that the hyperbola has one
more convenient representation in the form xy = c, which may be written
as an explicit function (that has no analogue in the elliptic or parabolic case).

For a thorough study of conic sections one needs to also introduce the notion
of directrices. Those are two characteristic lines with special properties
whose equations are given as (see Figure 12.2)

d1,2 : x = ±a
e
· (12.10)
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Figure 12.2: Directrices, foci and optical properties of conic sections.

The distance between the focus Fi and the directrix di is referred to as the
focal parameter and in both cases it is equal to p = b2/ae. Note that the
eccentricity e and the focal parameter p are sufficient to determine the conic
section. In the case of the ellipse we have for the two semi-axes

a =
ep

1− e2
, b =

ep√
1− e2

(12.11)

and similarly for the hyperbola one has

a =
ep

e2 − 1
, b =

ep√
e2 − 1

· (12.12)

The notion of a directrix is particularly useful when one considers the
parabola, e.g., the one opening sideways: y2 = 2px, for which the focus
F and the directrix d are given respectively as F (p/2, 0) and d : x = −p/2.
Then, the parabola itself may be constructed as the locus of points at equal
distance from F and d. Strictly speaking, in this case we have a second
focus and directrix as well, but they are placed “at infinity”. This concept
appears a bit weird for the untrained student, but in fact quadrics and conics
in particular appear most naturally in the context of projective geometry,
were one has lines and points at infinity (the horizon is one good example).

Now, what is the identifying optical property of parabolas? As it turns out,
each light ray through the focus is reflected by the parabola into a ray per-
pendicular to the directrix (parallel to the symmetry axis) and vice versa.
This property is used in parabolic satellite dishes, which capture an almost
parallel pencil of rays (this is a good approximation due to the long distance
to the emitter) and direct them to the receiver placed at the focus (Figure
12.1). Satellites use rotational parabolic surfaces rather than plane parabo-
las, but it is not hard to see that the above property is invariant under
rotation about the symmetry axis. Can you think of a technology that uses
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Figure 12.3: Foliation of the plane into mutually perpendicular families of confocal
ellipses and hyperbolae given by the elliptic coordinates (on the left) and different
types of closed trajectories of the elliptic billiard (on the right).

the same property in the reverse direction? Here is one more peculiar thing
about conics: according to the famous Kepler’s law of Newtonian gravity,
the trajectories of heavy objects, whose motion is caused by the presence
of a gravitational field, are either ellipses (e < 1), hyperbolae (e > 1) or
parabolas (e = 1). The pole (e.g. a star causing the gravitational force) in
each case is placed in one of the foci and the trajectory type is determined by
the initial energy of the body, which is obviously related to the eccentricity.
For example, ellipses are typical planetary or stellar orbits characterized by
relatively low total energy (e.g. free falling). The hyperbolic case is known
as gravitational slingshot - the initial energy of the body approaching the
gravitational pole is large enough to overcome the force of attraction and
escape the trap. Finally, at the boundary between the two cases (e = 1)
the trajectory is a parabola. At first sight, this does not look much different
from the hyperbolic escape, but there are major geometric distinctions, e.g.
from a projective point of view, the parabola is a closed (at infinity) curve.
Besides, all parabolas are similar, i.e., equal modulo a rotation, translation
and/or a scale transformation, which is certainly not true for either hyper-
bolae or ellipses. Let us point out one more link, this time to dynamical
systems, where it is often useful to consider toy models that mimic the be-
havior of more complex ones. In particular, billiard tables with different
shapes may exhibit various properties, such as Lyapunov convergence (close
trajectories tend to get exponentially closer with time) as it is in the ellip-
tic case, orbital convergence (proximity between trajectories is conserved),
e.g. rectangular or parabolic tables, as well as chaotic behavior (trajectories
diverge at an exponential rate) as in the case of hyperbolic concave billiards.

More geometric properties: Since the circle is just a particular type
of conic, it is relevant to ask whether polar coordinates are useful for the
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description of other conics as well. It may be shown that the polar equation
of a generic conic with eccentricity e and polar parameter p is given as

ρ =
ep

1 + e cosφ
(12.13)

where ρ ∈ (0,∞) is the radial variable (Euclidean distance to the origin) and
φ ∈ [0, 2π) stands for the polar angle. Apart from that, in the particular
case of ellipses it is straightforward to generalize the polar change as

x = arcosφ, y = brsinφ, φ ∈ [0, 2π) (12.14)

and as the radial parameter r > 0 varies from 0 to 1 the above points fill the
planar region enclosed by the ellipse given by equation4 (12.5). However,
the full orthogonal net in the plane for fixed foci F1,2(±ρ, 0) where ρ = ae
is the linear eccentricity, is generated by the so-called elliptic coordinates:

x = ρ cosϑ coshψ, x = ρ sinϑ sinhψ (12.15)

where the lines ψ = arccosh1
e = const. with ϑ ∈ [0, 2π) are confocal ellipses

and respectively ϑ = const. with ψ ∈ [0,∞) - confocal hyperbolae, and both
families of mutually perpendicular curves foliate the plane (Figure 12.3).
In some considerations the latter turn out to be much more convenient
compared to the usual Cartesian coordinates. Ellipses have plenty of other
remarkable features, such as the isogonal property, which states that if O is
the meeting point of the tangents at two arbitrary points K1,2 in an ellipse
with foci F1,2, then the equality of angles ]F1OK1 = ]F2OK2 holds. It is
interesting also to consider the envelope of all normals (the evolute) or that
of closed billiard trajectories (Figure 12.3), which also play an important
role in geometric optics and catastrophe theory. From a projective point of
view we have several major theorems about conics (and quadrics in general)
due to Pascal, Desargues Chasles, Apollonius and others considering the
mutual positions of several points on a conic. As it turns out, a conic is
completely determined by five points, i.e., it has five parameters5, just as
a line is determined by two or a plane - by three. There seems to be a
contradiction at first sight as three points are sufficient to determine for
instance a circle or a parabola, but this is only after we already know it is a
circle or, respectively, a parabola, which alone fixes two of the parameters.

4show that a similar construction exploiting hyperbolic functions is valid for (12.6).
5three in the quadratic part and three in the linear one, modulo an overall scale factor.
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12.3 Spacial Quadrics

Just as in the case of conic sections, we have a nice classification result for
the bilinear forms of three real variables viewed as quadratic surfaces in R3.
The non-degenerate cases fall into one of the following groups (Figure 12.4):

1. Ellipsoids, described by the canonical equation

x2

a2
+
y2

b2
+
z2

c2
= 1 (12.16)

where a, b and c the semi-axes just as in the case of ellipses.

2. One-sheeted hyperboloids, given by the canonical equation

x2

a2
+
y2

b2
− z2

c2
= 1. (12.17)

3. Two-sheeted hyperboloids, given respectively as

x2

a2
− y2

b2
− z2

c2
= 1. (12.18)

4. Cones, whose canonical equations may be written in the form

x2

a2
+
y2

b2
− z2

c2
= 0. (12.19)

Apart from that, we have several cases that do not correspond to
surfaces in R3, such as the the imaginary ellipsoid (sphere if a = b = c)

x2

a2
+
y2

b2
+
z2

c2
= −1

or the imaginary cone with equation

x2

a2
+
y2

b2
+
z2

c2
= 0

whose only real point is the origin.

Note that we may have a coincidence of two or three semi-axes, the former
case resulting in a surface of revolution, while the second one - possibly even
in a spherical symmetry (in the case of the ellipsoid). Surfaces of revolution,
such as the rotational ellipsoid for example, allow for dimensional reduction
and are thus easier to study. The sphere, on the other hand, is just a sphere.

Next, we have the degenerate quadrics6:

6i.e., with a vanishing eigenvalue in the matrix of the bilinear form.
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1. Paraboloids - respectively elliptic (+) and hyperbolic (−) ones:

z =
x2

a2
± y2

b2
(12.20)

2. Cylinders of different types:

x2

a2
+
y2

b2
= ±1, x2

a2
− y2

b2
= 1, x2 = 4pz (12.21)

the first one being referred to as either elliptic (+) or imaginary (−),
the second - hyperbolic and the third one - parabolic.

3. Pairs of real (−) or imaginary (+) planes:

x2

a2
± y2

b2
= 0 (12.22)

4. The most degenerate case is given by

x2 = α (12.23)

interpreted as either a pair of real parallel planes for α ≥ 0, coincident
in the particular case α = 0, or complex conjugated ones (for α < 0).

Note that some of those cases are just the rotated analogues of the planar
ones, e.g., each circular cone may clearly be interpreted as a rotated (about
the bisector) configuration of two intersecting lines etc. Note also that in
the cases of elliptic or hyperbolic paraboloids one may express the surface as
an explicit function z = z(x, y) and consider its critical points, i.e., those at
which zx = zy = 0. To determine whether we have an extremum or a saddle
at these points we consider the determinant of the second partial derivatives

∆ =

∣∣∣∣ zxx zxyzyx zyy

∣∣∣∣ = zxxzyy − z2xy, zxy = zyx

and apply Sylvester’s criterion to it, thus ∆ < 0 clearly yields a saddle point,
i.e., we have λ1λ2 < 0 for the eigenvalues, while ∆ > 0 - a local minimum
or maximum7. However, z(x, y) is quadratic, so ∆ has constant coefficients,
which means it determines the global behavior (constant curvature) of the
surface. In the implicit function case we may work similarly with gradients.

7similarly, ∆ = 0 yields a catastrophe, such as the cylinder’s fold or the cone’s cusp.
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Figure 12.4: Spacial quadrics: ellipsoid, hyperboloids (both one- and two-sheeted)
and paraboloids (circular and hyperbolic).

Problem Session

1. Obtain the canonical equations of the following conic sections

a) x2 − 2xy + 2x+ 2y + 1 = 0

b) 6x2 + 9y2 − 4xy − 4x− 32y − 6 = 0

c) 7x2 + 4xy + 4y2 − 40x− 32y + 5 = 0.

2. Obtain the canonical equations of the following quadratic surfaces

a) x2 + 2y2 + 2z2 + 2xy − 2x− 4y − 4z = 0

b) y2 + 3xy − 2yz + zx+ 3x+ y = 0

c) x2 + 2y2 − z2 + 2x− 4y + 2z + 1 = 0.

3. Find the locus of the centers of the one-parameter set of curves

x2 + 2xy − y2 + 2λx+ 4λy + 1 = 0, λ ∈ R.

4. Determine the directrices and foci of the conics with equations

a) 2x2 + y2 = 2y

b) x2− y2 + 2xy − x+ y = 0

c) x2 + 2x− y = 0.
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5. Determine the value of the parameter λ ∈ R so that the equation

x2 + 3y2 + 2zx+ 2λyz + 2zx− 2x− 8y − 2z − 3 = 0

describes a cone and find the coordinates of its cusp.

6. Derive the canonical equation and find the critical points of the surface

z(x, y) = x2 + 2y2 − 6xy + x− 3y + 1.

Obtain its normal vector. Hint: express the surface as an implicit func-
tion F (x, y, z) = 0 and use partial differentiation for n = (Fx, Fy, Fz)

t.

7. Given the line g : 2x− 5y + 1 = 0 ∩ x+ 3y − 2z + 3 = 0, derive the
equation of the tangent plane at the intersection point of each of the
following quadrics with g (if they intersect):

a) 4x2 + 2y2 + 12z2 − 4xy + 8yz + 12zx+ 14x− 10y + 7 = 0

b) 5x2 + 9y2 + 9z2 − 12xy − 6zx+ 12x− 36z = 0

c) x2 − 2y2 + z2 + 6yz − 4zx− 8x+ 10y = 0

and determine the type of the corresponding quadric.

8. Explain how the curved surface of the one-sheeted hyperboloid can
be constructed using only straight lines. Can you think of a practical
application for this construction?

9. Explain why the acoustics in a concert hall with a hyperbolic (concave)
shape would be bad. Where would you put the orchestra and the most
expensive seats in the parabolic and elliptic cases? Are there any areas
in the concert call that need to be avoided?
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